CHAPTER

Fourier Series

hen analyzing situations as diverse as electrical oscillations, vibrating mechanical

systems, longitudinal oscillations in crystals, and many other physical phenom-
ena, Fourier series are found to arise naturally. Furthermore, the individual terms in a
Fourier series often have an important physical interpretation. In a vibrating mechani-
cal system, for example, each component of a Fourier series representation of the over-
all vibration represents a fundamental mode of vibration. The full Fourier series shows
how each mode contributes to the solution, and which are the most significant modes.
This information can often be used to advantage, either by showing how the modes
can be utilized to achieve a desired effect, or by using the information to enable sys-
tems to be constructed that minimize undesirable vibrations. It is for these and other
reasons that it is necessary for engineers and physicists to study the properties of Fourier
series.

9.1 Introduction to Fourier Series

even and odd function

Fourier series representation of a function f(x) over theinterval -7 < x <7
is an expression of the form

f(x) =ao+ Z(an cos nx + b, sinnx)

n=1
=aqag+a;cosx + bysinx +apcos2x + bysin2x + - - -, (1)
where the coefficients ay, a1, ..., by, by, . .. are determined by the function f(x).

It is important to notice that the Fourier series representation of f(x) contains
two infinite sums, one of even functions (the cosines) and the other of odd functions
(the sines). It will be recalled that a function f(x)definedintheinterval —L < x < L
is said to be an even function in the interval if

f(=x) = f(»), @)
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546 Chapter9  Fourier Series

deriving formulas
for a, and b,

and to be an odd function in the interval if

f(=x) = =f(x). ©)

The cosine function is an even function because cos(—x) = cos x in agreement
with the definition in (2). As this is true for all x, the function cos x is an even function
for —oo < x < oo. Similarly, sin x is an odd function because sin(—x) = —sinx in
agreement with the definition in (3). This also is true for all x, so the function sin x
is an odd function for —oco < x < oo.

Most functions are neither even nor odd, but any function in an interval — L <
x < Lcan be expressed as the sum of an even function and an odd function defined
over the interval. To see why this is, let f(x) be an arbitrary function defined over
the interval — L < x < L, and write it in the form

FG) = S+ F) 4 3(F0) — =) for—L=x=L (&)

Then the function

he) = 57 + (=) )
is seen to be an even function, because 4(—x) = h(x), whereas the function

800 = 5(F() = f(—x) ©)
is seen to be an odd function, because g(—x) = —g(x), so the assertion is proved.

Classify the following functions as even, odd, or neither.

(a) cosh x. (b) sinhx. (c) x? +sinx. (d) 1 4+ x? + 3x*.

Solution (a) As cosh(—x) = coshx for all x, the function cosh x is an even func-
tion for all x. (b) As sinh(—x) = —sinh x for all x, the function sinh x is an odd
function for all x. (c) (—x)?> = x2, so x? is an even function for all x, while sin x is an
odd function for all x, so the function x2 + sin x is neither even nor odd. In this case
the function x> + sin x is already expressed as the sum of an even function and an odd
function. (d) Set f(x) = 1+ x2 4+ 3x*. Then f(—x) = 1 + (—x)* + (—x)* = f(x),s0
f(x) is an even function. This result can be obtained by a different form of argu-
ment as follows. A constant does not change when the sign of x is changed, so all
constants are even functions and, in particular, 1 is an even function. The function
x? has already been shown to be an even function, and the function 3x* is an even
function because 3(—x)* = 3x*. Thus, as the function 1 + x> + 3x* is a sum of three
even functions, it must be an even function. [ |

To arrive at a formula for the a, in (1) corresponding to a given function f(x),
result (1) is first multiplied term by term by cos nx to obtain
f(x)cosnx = agcosnx + aj cos x cos nx + a cos 2x cos nx + az cos 3x cos nx
+ -+ a,_; cos(n — 1)x cos nx + a, cos® nx
+ ayy1 cos(n+ 1)xcosnx + - - - + by sin x cos nx
+ bysin2xcosnx + - - -.
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Integrating this result over the interval —n < x < 7 gives

f(x)cosnxdx = aO/

-7

T T b

cosnxdx + a; / coS x cos nxdx
-7 -7

T

T
+ay / cos2x cosnxdx + az / cos3x cosnxdx + - - -

g -7

m

T
+a,_1 / cos(n — 1)x cosnxdx + ay, / cos® nxdx

-7 —IT
T

+ apy 1 / cos(n + 1)x cosnxdx + - - - + by /

-7 -7

+b2/ sin2x cosnxdx + - - -.

g
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sin x cos nxdx

The orthogonality properties of the sine and cosine functions listed in entry
1 of the summary of main sets of orthogonal functions in Section 8.11 shows that
all integrals on the right with the exception of the one with the integrand cos® nx

vanish, giving rise to the result

g g

f(x)cosnxdx = an/ cos’ nxdx.
-7 bt 4

However, [* cos® nxdx = m,forn # 0 and " 1.dx =2, so0

b

1 (" 1
ag = — f(x)dx and a,=— f(x)cosnxdx, forn=1,2,....

27 — T Jx

A similar argument involving the multiplication of the Fourier series (1) by
sin nx followed by integration over the interval —m < x < 7 and use of the orthog-

onality properties of sin nx shows the coefficients b, are given by

1 g
b, = — f(x)sinnxdx, forn=1,2,....
T J-n

the Euler formulas

These results are the Euler formulas for the Fourier coefficients a,, and b,,, and
for future reference they are now listed, together with the associated Fourier series

representation of f(x).

the Fourier series
representation

coefficients a, and b, in the Fourier series representation of f(x)

f(x) =ao+ Z(a,, cos nx + by, sin nx)

n=1

are given by the Euler formulas

1 [" 1 [

Q=5 - fx)dx, a,= < f(x)cosnxdx,
1 s

b, = — f(x)sinnxdx,... forn=1,2,....

T J-x

Fourier series representation of f(x) over the interval — 7w < x < 7

Let the function f(x)be defined on the interval —7 < x < 7. Then the Fourier

™)

®)
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fundamental interval,
periodicity, and
periodic extension

The arguments used to derive the Euler formulasin (8) are not rigorous, because
the term by term integration needs to be justified and the convergence of the Fourier
series representation of f(x) to the function f(x) itself has not been examined, so
the use of an equality sign in (1) and (7) must be questioned.

JEAN BAPTISTE JOoSEPH (BARON) FOURIER (1768 -1830)

A remarkable French physicist who was also an outstanding mathematician. He was orphaned

at eight, and educated in a military school run by the Benedictines who then gave him a
lectureship in mathematics. He later moved to a chair at the Ecole Polytechnique in Paris, and
later to Grenoble where he was appointed Prefect by Napoleon. His experiments on heat
conduction while in Grenoble, suggested by Newton’s Law of Cooling, led him to propose his
law of heat conduction (Fourier’s Law) and to the publication of his most important Theorie
Analytique de la Chaleur in which he introduced the representation of arbitrary function over an
interval in terms of trigonometric functions, now called Fourier series. He was created a Baron by
Napoleon in 1808.

In fact, the preceding approach can be fully justified for all functions f(x) that
arise in practical situations, and we will see later that the equality sign can be used
wherever f(x) is continuous, whereas at points where f(x) experiences a finite
jump discontinuity the value assumed by the Fourier series representation is the
average of the values to the immediate left and right of the jump. It is for these
reasons that in more advanced accounts the equality sign in (7) is replaced by a
tilde ~, because this indicates that a relationship exists between a function f(x)
and its Fourier series representation without indicating that it is necessarily a strict
equality. When this notation is used, the connection between f(x) and its Fourier
series is shown by writing

flx) ~ap+ i(an cos nx + b, sin nx). 9)

n=1

The interval of integration — < x < w used when deriving the Euler formulas
is called the fundamental interval of the Fourier series, and the Fourier coefficients
will always be defined provided the integral ffn f(x)dx exists. Although Fourier
series comprise only even and odd functions, results (4) to (6) allow a Fourier series
to represent arbitrary functions that are neither even nor odd.

A Taylor series expansion of a function f(x) about a point x; requires the
function to be repeatedly differentiable at xo. However, the coefficients of a Fourier
series are defined in terms of definite integrals that are still defined when f(x) has
finite jump discontinuities in the fundamental interval, so the Euler formulas still
remain valid when f(x) is discontinuous. It is this property of a definite integral
that makes a Fourier series representation of a function more general than a Taylor
series expansion.

The properties of Fourier series reflect the periodicity of the sine and cosine
functions used in the expansion, where the period of a periodic function is defined
as follows. A function g(x) is said to be periodic with period 7 if

gx+T)=g(x) (10)

for all x, and T is the smallest value for which (10) is true. A periodic function
g(x) may either be continuous or discontinuous, and an example of a continuous
periodic function with period 7 is shown in Fig. 9.1.
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FIGURE 9.1 A continuous periodic function
g(x) with period 7.

The functions 1, cos nx, and sin nx in the Fourier series representation (7) of
f(x) are all periodic with period 27, so the Fourier series representation of f(x)
defined on the interval —m < x < 7 is also periodic with period 2. It does not
necessarily follow that outside the fundamental interval the function f(x) coincides
with its Fourier series representation, because the behavior of f(x) outside the
fundamental interval does not enter into the Euler formulas. Each representation of
f(x)in aninterval of the form (2n — 1)7 <x < 2n+ )7, withn =0, £1, £2, ...,
is called a periodic extension of the fundamental interval for f(x).

In Chapter 8, Example 8.22, the discontinuous rectangular pulse function

0, - m<x<-m/2
fx) =31, —n/2<x<mn/2
0, n/2<x<m

was shown to be represented by the Fourier series

1 2 3 5 7
fx) ==+ — cosx — 22 x+cos r_ s x+~-~ for all z. (11)
2 7 3 5 7

If this function f(x) is defined for all x by the periodicity condition f(x +27) =
f(x), its graph takes the form shown in Fig. 9.2. Figure 9.3 shows the graph of the
first five terms of the Fourier series representation (11) in the fundamental interval.

This simple example emphasizes two important issues that always arise when
working with Fourier series representations of functions:

1. The need to interpret the equality sign in (7) at any point x = xy in the fun-
damental interval where f(x) is discontinuous.

2. The fact that the Fourier series of a function and the periodic extensions of
the function will only coincide when the function f(x) is itself periodic with
a period equal to the fundamental interval.

f(x)
1

3 —5m/2 3n2 -n -m2 0| w2 m 32 sn2 3n X

« N J )

v v v
Periodic extension Fundamental interval Periodic extension

FIGURE 9.2 The periodic rectangular pulse function f(x).
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some illustrative
examples

Fourier Series

-3 )

FIGURE 9.3 Graph of the first five terms of the
Fourier series of f(x).

An example of the difference that can arise between the behavior of a nonpe-
riodic function f(x) and its periodic extensions is illustrated in Fig. 9.4 in the case
of the function

1/2, x<-m

0, —T<Xx<-m/2
fx)=11, /2 <x <m/2

0 T/2<x<m

1/4, x> m.

The periodic extensions of f(x) in its fundamental interval —n < x < 7 shown as
dashed lines are, of course, the same as those in Fig. 9.2, though in this case the
behavior of f(x) outside the fundamental interval is entirely different.

Find the Fourier series representation of

sin2x, —mw<x<-—m/2
fx)=10, —7/2<x<0
sin2x, 0<x<m.

Solution Thefunction f(x)iscontinuous over the fundamentalinterval -7 < x <
7, but it is defined in piecewise manner, so the Fourier coefficients must be deter-
mined by integrating the Euler equations (8) in a corresponding manner. We have

1 T 1 —/2 ) 1 T )
apg = — f(x)dx = —f sin 2xdx + —/ sin 2xdx
- 27T - 277.' 0

2w
1 1 1 1
I 77‘[/2 . T I S
= 271[ (1/2)cos2x] /" + 271[ (1/2) cos 2x]j o +0 7
f(x)
. ———— Periodic extension of f(x)
T T T 1 T i T
I o
A T I N
L I I : 4 ! ] | N |
- R - R —_———
-3n - 0 b4 3n X

« J\ . )
g v g

Periodic extension Fundamental interval Periodic extension

FIGURE 9.4 A nonperiodic function defined for all x, and the periodic extensions of the
function in its fundamental interval.
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Similarly,

1 T 1 —m/2
a, = — f(x)cosnxdx = —/
7T b4

-7 -7

. 1 [ .
sin 2x cos nxdx + — / sin 2x cos nxdx
T Jo

_ 2 [eosnm +eostom/2)) 77 2 feosmr —1TT
. 2 _ 4 T n? —4

-7

=2[1 + cos(nm/2)]
= , forn+#2.
w(n? —4) 7
As the denominator in the expression for a,, is zero when n = 2, in order to find a,
itis necessary to return to the Euler formula for a,, and set n = 2 before integrating,

when we obtain

1 —7/2 1 b4
a) = — / sin 2x cos 2xdx + — / sin2x cos2xdx =0+ 0 =0.
- 0

T J T

The Euler formula for b,, becomes

1 kg 1 —m/2 1 bd
b, = — f(x)sinnxdx = — [ sin2x sinnxdx + — f sin 2x sin nxdx

T J n T J -z T Jo

1 [sin(n—2)x  sin(n+2)x ™21 [sin(n—2)x sin(n+2)x]"

C2n n—2 n+2 . 27 n—2 n+2 0
2 sin(nm/2)

=———"_ 1 2.
7 (n2—4) orn #

As the denominator in the expression for b, is zero for n = 2, to find b, we must
set n = 2 in the Euler formula for b, before integrating, as a result of which we find
that

1 —/2 1 bd
by = — / sin” 2xdx + — / sin? 2xdx
- 0

T J_y b4

1 _ 1

= —N[Zx — sin2x cos 2x]* + E[2x — sin 2x cos 2x|]

1 N 1 3
42 4

Combining the preceding results shows the first few Fourier coefficients to be
1 2 _0 2 1 2
aO— 27_[7 al - 371_7 aZ— kl a3_ 57_[3 a4_ 3717 aS— 217_[7
2 3 2 2
bh=——, bh=-, bi=——, by=0, bs=-—,
T Py BT s > 21n

When these coefficients are used, the first few terms of the Fourier series for f(x)
are seen to be

1 1 /2 2 1 2
fx) = Z—f- - (gcosx— gcos.’)x— gcos4x— ﬁ0055x+--->

Q| =

+

2'n +37T in2 2'n3 +2 inSx +
3s1x 451 X 551 X 2151 X4 ).
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Nth partial sum

FIGURE 9.5 Fourier series approximation for

f().

This example illustrates how when a sine function (or a cosine function) with an
argument mx with m an integer occurs in a piecewise defined function, its Fourier
coefficients a,, and b,, must be found from the Euler formulas with » set equal to
m before integration. Figure 9.5 shows a graph of this Fourier series approximation
to f(x) up to and including the terms in cos 5x and sin 5x. [ |

It is useful to have a special name for finite approximations to Fourier series
such as the one used to construct the graph in Fig. 9.5. Because of this it is usual to
call the approximation

N
Sn(x) = ap + Z(a,, cos nx + b, sin nx) (12)

n=1

to the full Fourier series in (7) the Nth partial sum of the Fourier series. Thus, the
graph in Fig. 9.5 shows the fifth partial sum Ss(x) of the function f(x) defined in Ex-
ample 9.2. The Fourier series in (7) is related to its Nth partial sum S,(x) by the limit

f(x) =ao+ Z(an cosnx + b, sinnx) = A}im Sn(x). (13)

n=0

Not every function has a Fourier series involving an infinite number of terms,
as can be seen by considering the function f(x) =1+ 2sinxcosx. When this is
rewrittenas f(x) = 1 + sin 2x, itis recognized that itis, in fact, its own Fourier series.

There is nothing special about the choice of —7 < x < as a fundamental
interval, and itis often necessary to take the fundamental intervaltobe — L < x < L.
Results (7) and (8) generalize immediately once it is recognized that the set of

functions
TX 2w X 3mx .omx . 2mx . 3mx
1,cosT,cos—L ,cos—L ,...,smT,sm—L ,sm—L

form an orthogonal set over the interval —L < x < L. This can be seen by using
routine integration to show that

L
/ sin mzx cos %dx =0 for all integers m and n, (14)
-L

L
/ in 7Y Gin M gy = {O for m # n for all integers mand n,  (15)

Lsm L sm L L form=n
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and
L 0 form#n
mmux nwx
/ €S —— €08 ——dx={L form=n+#0 forallintegers mandn
-k 2L form=n=0.
(16)
The Fourier series of a function f(x) defined on the interval —L <x < L
becomes
= nwx . X
f(x) =ao+nz:; (a,, c0s —— + b, sin T) (17)

and the corresponding Euler formulas for the a, and b, follow as before. The

coefficients a, are obtained by multiplying (17) by cos “7* and integrating over

the interval —L < x < L, while the b, follow by multiplying (17) by sin /= and
integrating over the same interval. The result is as follows, though the details are
left as an exercise.

Fourier series representation of f(x) over the interval —L < x < L

Fonrierlseriesioyer Let the function f(x)be defined on the interval — L < x < L. Then the Fourier
—L<x<lL coefficients a, and b, in the Fourier series representation of f(x)
> nwx nwx
fx)=ao+ ; (an cos —— + by sin T) (18)

are given by the Euler formulas

1 L 1 nwx
ap = ﬁ/—L f(x)dx, a,= Z/—L f(x) cos de,
(19)
i e . nmwx
b, = z[Lf(x)51anx, forn=1,2,....

PR Find the Fourier series representation of f(x) = x +1for —1 <x < 1.

Solution In this case L = 1, so using integration by parts we find that

COSNTX  XSINATX
2

1! !
ap = E/ (x+Ddx=1, a,= / (x + 1) cosnmxdx =
-1 -1

n’m nmw
. 1
sinnmwx
+ =0
nr |,

and

’

n’m? nmw nmw

1 . 1 n+1
. SINNTX  XCOSHTX  COSHITX 2(—1

b,= | (x+1)sinnrxdx = — = 2=

-1 1 ni
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_v
-1

0.5 or 0.5 1 x

FIGURE 9.6 The partial sum approximation
S10(x).

forn=1,2,..., where we have used the fact that sinnm = 0 and cosnmr = (—1)"
for n a positive integer. Substituting these coefficients into (18) shows the required
Fourier series representation to be

22X (_1)n+1
fx)=1+ - ; E— sinnrx, for—-1<x<1.
A graph of the partial sum approximation Sjo(x) to f(x)is shown in Fig. 9.6. m

As cosines are even functions and sines are odd functions, it is to be expected
that a Fourier series representation of an even function will only contain cosine
terms, whereas a Fourier series representation of an odd function will only contain
sine functions. These properties form the basis of the following result that simplifies
the task of finding Fourier series representations of even and odd functions.

expanding even and Fourier series of even and odd functions
odd functions . . .
If f(x) is an even function defined on the interval —L < x < L, then

9 nwx i L
= n —, ith ay = — dx,
f(x) ao—l—;a cos — with ag L/o f(x)dx
2 IL,
Ty = —f f(x)cos I
L Jo L
forn=1,2,...;if f(x)is an odd function, then

(o) 2 IL,
Fx) = ;bn sin % with b, = 7 /0 £(x)sin %dx,

forn=1,2,...,

The justification of these results is as follows. To find the form taken by the Fourier
coefficients a, of an even function, and why its Fourier coefficients b, vanish, we
will consider an even function f(x) defined over the interval —L < x < L.
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By definition,

1 L 1 0 1 [k
aw=sp [ reax=p [ w5 [ g

Setting x = —u in the first integral on the right gives

1 [0 1 [
27‘[L f(x)dx = —iﬁ f(—u)du

As fis an even function, f(—u) = f(u), so using this result, changing the sign of
the integral by interchanging its limits, and then replacing the dummy variable u by
x gives

1 (0 1 L
2_14/71‘ fx)dx = ﬁ/() f(x)dx.

When this is combined with the original expression for ap we find that

L
ap = %/0 f(x)dx,

and a strictly analogous argument shows that

2 L
a”ZZ,/ f(x)cosnmxdx forn=1,2,....
0

The Fourier coefficients b, are given by

1L 1[0 1 [k
by = Z/_L £(x)sin %dx - Z/_L £(x)sin %dwr Z/o £(x)sin %dx.

Setting x = —u in the integral taken over the interval —L < x < 0 gives
1[0 1
E/—L f(x)sin %dx = _Z/L f(—u)sin (—ELM) du.

We now use the fact that f is an even function, so f(—u) = f(u), together with
the fact that the sine function is an odd function. Reversal of the limits coupled with
changing the sign and replacing u by x gives

1 0 1 [k

—/ f(x)sin MY g = ——f f(x)sin I

L], L LJ L
Finally, using this result in the original expression for b, gives

1 [r 1 [r
bnzzfo f(x)sin%dx—zfo f(x)sin%dxzo forn=1,2,...,

and the result is proved.
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fx)
fx)=|x]|
AN 7/
N 7 N 7
AN Ve N Ve
AN /7 N /7
| ARd | | N |
3L 2L -L 0] L 2L 3L x

FIGURE 9.7 The function f(x) = |x|in
—L < x < Land two periodic extensions.

A similar argument shows that if f(x) is an odd function over —L < x < L,
then

a,=0 forn=0,1,2,...,

and
b, = [ / i(x) sin dx forn=1,2
n [ 3 Ly ety

and the results have been established.

PETTITEYI Find the Fourier series representation of f(x) = |x| in the interval —L < x < L.

Solution The graph of this even function, together with two of its periodic exten-
sions outside the fundamental interval —L < x < L, is shown in Fig. 9.7.
The Euler formula for the coefficients a,, of the even function |x| defined as

x| =1"% for <0
“x forx >0

gives
ap = %/OLxdx =3
and
5 nwx . nnxt
9 L i x 7| L COST Lnmxsin —
a,,:ZfO xcosde=Z o + o , forn=1,2,....

0

If we use the fact that sin nr = Oand cosnr = (—1)" when nis a positive integer,

representation

of cosnw

a convenient it then follows that
2L
an=S5[(=1y' 1] forn=1,2,...,
n-m
and so
4L
ap = ——— whennisodd
n’m
and

a, =0 whenn #0, is even.
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f(x)
, 2F
it flx)=x it
7 7
1 I// 1 1 I// 1
-6 44 2 0o 2 .,%4 6 x
// Ve
7/ 7/
7 _2 [ 7

FIGURE 9.8 The function f(x) = xin
—2 < x <2 and two periodic extensions.

Thus, the Fourier series representation of f(x) = |x|for —L < x < Lis

TX TX
COS — COS — COS —
L 4L L L

fO=5-%"717 * 3 T =%

The sequence of positive odd numbers can be written in the form 2n — 1 with

n=1,2,...,so this last result can be expressed more concisely as
2n —1)mx
L 40.& L
- _—_ = for—-L<x<L. |
A D T orThEts

Find the Fourier series representation of f(x) = x on the interval =2 < x < 2.

Solution A graph of f(x) and two of its periodic extensions outside the funda-
mental interval —2 < x < 2 is shown in Fig. 9.8.
Using the fact that L = 2, a straightforward calculation gives

b—1/2xsinnnxdx— 2 sianx 1n7rxcosmm2
"2, 2 T n2n? 2 2 2 |,

_ 4cosnm_ 4(-1)y!

ni ni

)

and as the function is odd all the coefficients a,, = 0.
The required Fourier series representation is thus

. TX . 3mx
4 S50 singx ST
—_ — + —
T

: 3 3 0,

flx) =
which can be written in the more concise form

4 &, (~1y
f(x)zgzl%sin? for -2 < x < 2. [ |
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Summary

Fourier series have been defined over more general intervals than —7 < x <7 and

the notion of a periodic extension has been introduced. Attention has been drawn to
the behavior of a Fourier series representation at a point of discontinuity of f(x), and the
expansion of even and odd functions has been considered.

EXERCISES 9.1

Find the period of each of the functions in Exercises 1
through 6.

1. cosx + sin2x. 2. 2sin2x —3cosf.
3

3. sinxcosx.

5. 3sin > + cos a X X
: 3 2’ 6. cos = +5sin=.

3 4

In Exercises 7 through 10 (a) sketch the given function in

the interval —3a < x <3a, and (b) in the intervals —3a <

x < —a and a < x < 3a, and state whether the function is

periodic.

4. cos2xsinx.

R
-1, —a<x<0

8 f(x)= flx+2a) = f(x).
2, O<x<a,

9. f(x)=a— x|

10. f(x) = |sinmx/al.

In Exercises 11 and 12 make use of the trigonomet-
ric identities sin(A= B) = sin Acos B & cos Asin B and
cos(A=+ B) = cos Acos B + sin Asin B to transform the
given functions into their (finite) Fourier series.

11. (a)sinxcosx. (b)1—2sin*x. (c)sin3xcosx.
12. (a)4cos2xcos5x. (b)sinxsin2x. (c)cos?2x —1/2.
Verify the following definite integrals that were used when

developing a Fourier series representation over the interval
—L<x<L.

L
13. / sin mrx cos @dx =0 for all integers m and n.
-L

L L
L 0 form#n
14./ sinmmcsin@dxz L form=n,
_L L L

with m, n integers.

L L

0 form#n
={L form=n#0
2L form = n =0 for all integers m and n.

L
mmx nmwx
15. [ cos cos —dx
L

16. Prove that the product of two even functions and of two
odd functions is an even function, and that the product
of an even and an odd function is an odd function.

17. Prove that the sum of two even functions is an even
function and the sum of two odd functions is an odd
function.

18. Prove that if f(x) is an odd function all the Fourier
coefficients a,, = 0.

19. Evaluate the following integrals that arise when find-
ing the Fourier series expansion of x over the interval
—L<x< L.

L L
2
(a) '/;Lxsin %dx. (b) /;Lxsin %dx.

L 3wx
in —dx.
(c) /_Lxsm 7 X

20. Evaluate the following integrals that arise when find-
ing the Fourier series expansion of x? over the interval
—L<x<L.

L L 2
(a) /_sz sin %dx. (b) /_sz sin %dx.

L 3mwx
2 sin ——dx.
(c) /_Lx sin 7 X

The integrals in Exercises 21 and 22 arise when finding the
Fourier series expansion of e** over the interval —L < x <
L. Use the result cosnwr = (—1)" for integral values of n to
establish the stated result.

21. ’ e sinnxdx = (=1)"! % for integral
v;fues of n.

22. ’ e’ cosnxdx = (—1)"% for integral
v;fues of n.

In Exercises 23 through 35 find the Fourier series represen-
tation of the given function over the indicated fundamental
interval and use a computer to plot the indicated partial sum
S, (x) over the fundamental interval.

a, —nmw<x<0
B )= {b, 0<x<m. PlotS(x)fora=3b=1.

x+1, -1<x<0
24. f(x) = {x —1, 0<x<1. PlotSp(x).

25. f(x)=1—|x|, =1 <x < 1.Plot Sjp(x).
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0, 2<x<0 31 f(x) =x% —2m <x <2m.Plot Sjp(x).
26. f(x) = : . :
x, 0<x <2 PlotS(x). 32. f(x) =sinax, —m <x < withanotaninteger. Plot
27. f(x) = |sinx|,—7 < x < x (afullyrectified sine wave). Sio(x) fora = 0.7.
Plot Sio(x). 33. f(x) =cosax, —m <x < m withanotaninteger.Plot
28, f(x) = ax, —mT<x<0 Sio(x) fora = 0.7.
bx, 0<x<m. PlotSs(x)fora=10>b=3. 3. f(x)=e", —m <x <m.PlotS$(x)fora=0.7.
0, T <x<0 0, 2 <x< -7
29. f(x) = sinx, 0<x<m PlotSs(x). 35. f(x)={sinx, —w<x<m
0, 7 <x <2m. Plot S3(x).

30. f(x)=x% —m <x <m.Plot S(x).

9.2 ___ Convergence of Fourier Series and Their
Integration and Differentiation

The general theory of the convergence of Fourier series is complicated and still
incomplete in some respects. Consequently, we will only derive some useful results
that can be obtained in a straightforward manner, and then state without proof
a convergence theorem due to the German mathematician P. G. L. Dirichlet
(1805-1859) that is sufficient for all practical applications of Fourier series.
Let us consider the nth partial sum
n
Sn(x) = ap + Z(ar cosrx + b, sinrx), (20)
r=1
of the Fourier series for f(x) in (7) defined over the interval —n < x < 7. Then,
provided the integral [” [ f(x)]’dx exists and is finite, we have the obvious result
T T T T
/ [f(¥) = Su@)Pdx = | [f)Pdx =2 | f(x)Su(x)dx + | [Si(x)]dx.
eay)

From the definition of S,(x) in (20), it follows that

T -7

" 2
/ [S,(x)Pdx = / |:a0 + ) (a,cosrx + b, sin rx)} dx,
- r=1

but the orthogonality of the sine and cosine functions reduces this to

f [Sa(x)]Pdx = / addx + Z [af/ cos? rxdxi| + Z [bf/ sin’ rxdxi|
- -7 r=1 - r=1 -
=7 |:2a§ +Y (al+ bf)} . (22)
r=1

If f(x)is replaced by its Fourier series, a similar argument shows that
F(x)Su(x)dx = 7 [mé +) (af + bf)} , (23)
- r=1

so combining (21) to (23) gives

") - SioPdx = [ [FoPdx - [mé FY (@ b%)} RC)
- - r=1
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Bessel’s inequality

the fundamental
Riemann-Lebesgue
lemma

Parseval relation

The integral on the left of (24) is nonnegative, because its integrand is a squared
quantity, so it follows at once that for all n

26+ @+ ) = 1 [ 1reora

r=1

so letting n — oo we arrive at the inequality

2a2 + Z a’+ b)) < — [ f(x)Pdx. (25)

r=1

This is Bessel’s inequality for Fourier series, and the restriction to functions
f(x) such that [* [ f(x)]*dx exists and is finite implies that the series

23+ (a? +b7)

r=1

is convergent, so the coefficients in the associated Fourier series (7) must be such
that

lim a, =0 and lim b, =0. (26)

n—oo n—oo

This important result on the behavior of Fourier coefficients as n — oo is called the
Riemann-Lebesgue lemma, though its rigorous proof proceeds differently.

It is also a consequence of (24) that if the nth partial sum S,(x) converges to
f(x) in the sense that

lim / [£(x) = Su(x)]Pdx =0
which is true for all functions f(x) encountered in applications, then
2a2 + Z a4+ b?) = f [f(x)]Pdx. (27)
r=1
This is the Parseval relation for Fourier series.

Apply the Parseval relation to the Fourier series of f(x) = |x| defined over the
interval —7 < x < 7.

Solution It follows from Example 9.4 with L = n that the Fourier series repre-
sentation of f(x) = |x| over the interval —7 < x < 7 is

T cos(2n — 1)x
f0) = E"Z Qn—17

so that

~

v

ay) = =, adp-1 = —

> and ap, =0 forn=1,2,....

7(2n —1)%’

[“trerar= [ ea=2"

‘We have
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so as the integral is finite, provided S,(x) converges in the norm to f(x), it follows
from the Parseval relation in (27) that

1 /273 72 16 & 1
= )=2—+=) —F.
71(3) 4+nZZ(2n—1)4
n=1
After simplification this reduces to the well-known result
7t i 1
96 = (2n-1)*
11 1 1
SEtmtmTET

The justification for applying the Parseval relation in this case is provided by
the following theorem. It can be confirmed by summing a large number of terms
and comparing the result with the known value of 7#/96. For example, using n =
100 leads to the result 7*/96 &~ 1.01467801, while a direct calculation shows that

74/96 = 1.01467803, so the two results agree to seven decimal places. ]
Convergence of Fourier series Let f(x) be continuous over the interval —L < x <
L except possibly at a finite number of internal points x1, X, . .., at each point x,, of

fundamental
convergence theorem

which the function has a finite jump discontinuity f(x,+) — f(x,—). Furthermore,
let the left- and right-hand derivatives f’(x,—) and f'(x,+) exist forn =1,2,....
Then at points of continuity of f(x) its Fourier series converges uniformly to f(x),
and at each point of discontinuity it converges pointwise to

%(f(xn—) + f(xy,+)) forn=1,2,....

If, in addition, f(x) has a right-hand derivative f'(—L+) at the left end point of
the interval and a left-hand derivative f'(L—) at the right end point of the interval,
then at x = £ L the Fourier series converges pointwise to

L)+ F(L). g

In effect, this theorem says that if f(x) is piecewise continuous and bounded
over the interval — L < x < L with derivatives defined to the left and right of each
discontinuity, its Fourier series converges uniformly to f(x) wherever it is continu-
ous and to the mid-point of the jump where there is a discontinuity. If, in addition,
one-sided derivatives exist at the ends of the interval, then at both x = —L and
x = L the Fourier series converges to the average of the values of f(x) at the two
ends of the interval.

A consequence of this theorem that is sometimes useful is that it allows many
numerical series to be summed in closed form. Results of this type follow by choos-
ing a value of x for which the terms of the Fourier series take on a simple numerical
form, and equating the result to the appropriate value of f(x). At a point x = x*
where f(x) is continuous the series will converge to f(x*), and at a point x = x*
where f(x) is discontinuous the series will converge to the mid-point of the jump.
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how Fourier series
can be used to
sum series

(a) Given that the step function

—1, for—-m7 <x<0
f(x):{l, forO<x<m

has the Fourier series

) = ; i sin(2n — 1)x

—~ 2n-1 ’
find a series for /4.
(b) Given that
0, for—-m7<x<0
f(x):{x{ forO0<x<m

has the Fourier series

f(x):%2+i{|:2(;zl)n]cosnx+ |:( 1)”(

n=1

find a series for 72 /6.

Solution

(a) The function f(x) graphed in Fig. 9.9 is seen to be discontinuous at x =0
and to have different values at x = &+ 7. The average of the values of f(x) to the
immediate left and right of the discontinuity at x = 0 is zero, so the Fourier series
will converge to the value zero when x = 0. Setting x = 0 in the Fourier series
causes every term to vanish, so equating this to the value to which the Fourier

7.[2

n

27 .
s sinnx ¢,

series converges at the origin yields the uninteresting result 0 = 0.

To obtain a more interesting result, let us try setting x = 7 /2, which makes
sin (2n — 1)% = (—1)"*'. The function f(x) is continuous at this point and equal
to 1, so its Fourier series will converge to the value 1 when x = 7 /2. Inserting this

value of x into the Fourier series and equating the result to 1 gives

SO

-1

FIGURE 9.9 The step function f(x).
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(b)

FIGURE 9.10 (a) The function f(x)and
(b) Sio(x).

This series, known as Leibniz’ formula, converges very slowly, so it is not useful for
computing 7.

(b) The function f(x) is graphed in Fig. 9.10(a), and Sjo(x) in Fig. 9.10(b). The
average of the values of f(x) at the end points of the interval —7 < x < 7 is 72/2,
so setting x = 7 in the Fourier series and equating the result to 772/2 as required by
the last part of Theorem 9.2 gives

2

72 >0 1
:z ;_27

where we have used the fact that cosnm = (—1)" and sinnz = 0 for positive
integers n.
This result simplifies to the series

2

1
%—1+—+—+ Z —

which converges somewhat faster than the series in part (a). ]

Examination of Fig. 9.3 and also Fig. 9.6 in Section 9.1 shows that when f(x) is
discontinuous, the graph of the partial sum S, (x) of the Fourier series representation
of the function exhibits over- and undershoots close to the discontinuities. This is
called the Gibbs phenomenon, and it persists for all values of n. This behavior
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THEOREM 9.2

when a Fourier series
can be integrated

|

- o
r +~
S M

-0.2
(b)

FIGURE 9.11 An example of the Gibbs
phenomenon with (a) n = 10, and (b) n = 20.

reflects the way the continuous function S,(x) obtained from the Fourier series
approximates the behavior of f(x) at a point of discontinuity. Increasing n simply
moves the under- and overshoots closer to the discontinuity while leaving their size
approximately the same.

Figure 9.11 shows the Gibbs phenomena for the function

0, —-m<x<-m/2
fx)y=31, —m2<x<m/2
0, n/2<x<m

for different partial sums S, (x). The results should be compared with Fig. 9.3, which
shows the graph of Ss(x).

We now state without proof two important theorems concerning the term-
by-term integration and differentiation of Fourier series that are often useful, but
before doing so we first define what are called Dirichlet conditions, which are sat-
isfied by most functions of practical importance.

A function f(x)issaid to satisfy Dirichlet conditions on aninterval - L. < x < L
if it is bounded on the interval, has at most a finite number of maxima and minima,
and is continuous apart from a finite number of discontinuities in the interval.

Termwise integration of Fourier series The integral of any function f(x) satisfying
Dirichlet conditions on the interval — L < x < L can be obtained by term-by-term
integration of the Fourier series representation of f(x). So, if f(x) has the Fourier
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series representation

f(x)_ao-l—Z(a,,cos(nL )+b sm(mzx» for—-L<x<1L,

then

/_XL fw)du = ap(x + L)
22 [m(F) - (e () + e

for—L<x < L.

Termwise differentiation of Fourier series Let f(x) be a continuous function on
the interval —L < x < L such that f(—L) = f(L), and suppose also that f'(x) is
piecewise continuous. Then for any x strictly inside the interval at which f”(x) exists,
the derivative of f(x)can be obtained by term-by-term differentiation of the Fourier
series representation of f(x). So, if f(x) has the Fourier series representation

when a Fourier series
can be differentiated

f(x)=a0+%2<ancos< )+b s1n<mzx>) for—-L<x <L,

then
fl(x) = T i( nay sin (me) + nb, cos <nnx>> for—L<x< L
L~ " L ! L ’
except for points at where f’(x) and f”(x) are not defined. [ |
Use the Fourier series representation of the function
-1, -7 <x<0
f(x)={1’ O<x<m

given in Example 9.7 to find a Fourier series representation of F(x) = [~ f(r)dt
in the interval —7 < x < 7, and relate the result to Example 9.4.

Solution As f(x) satisfies the conditions of Theorem 9.2, its Fourier series repre-
sentation may be integrated term by term to obtain the Fourier series representation
of

X

—1ldt = —(x + ), for—7 <x <0

e

Foo = [ swar={" )
o —1dt+/ ldt =x—n for0<x <m.
0

-7



566

Chapter 9

Fourier Series

From Example 9.7, the Fourier series representation of f(x) is

4 S sin(2n —1)x
=32 =51

soreplacing x by the dummy variable ¢ and integrating over the interval -7 <t < x
gives

sin(2n — 1)t 4| & cosn—1)x  cos(Cn—1)w
F S _ '
(x) = Z/_ n— 1 T |:n_1 2n — 1)2 ; 2n — 1)2
Ascos(2n — 1)7r = —1forn =1, 2,..., this reduces to

4 cos(2n — 1)x 4
F(x)z_nz (2n — Z(2n—1)2

n=1

The numerical series on the right can be summed by applying the Parseval
relation to the Fourier series representation of f (x) to obtain

00 4 2 oo
ZZnZ;(n(Zn—l)) : ;(2;1—1)2

Replacing the numerical series in F(x) by 72/8 reduces it to

cosn—1)x 4 n?

_x F(t)dt = —;Z S

T 4 i cos(2n — 1)x
(2n — 1)2 T 8 2 o«

— @2n-1)2 7

and so the required Fourier series representation is

/ —ldt =—(x+m), for—-7m<x<0

F(x) = 0 X
/ —ldt—i—/ ldt =x—m, forO<x<m
- 0
T 4 Z cos(2n — 1)x
N 2n—1)2 °

Examination of F(x) shows that F(x) = |x| — 7, so as a check we see that the
Fourier series representation of the function |x| in the interval —mr < x < 7 can be
obtained by adding 7 to the Fourier series representation of F(x) to obtain

i o cos(2n — 1)x
___E , for —m <x<m,
x| = > " 2 (2n—1)2 or — 7 <x<m

in agreement with the result of Example 9.4 with L = x. ]

" examei 0.0 RO

sin2x, —nw <x<-—m/2
f(x)=10, —n/2 <x<m/2
sin2x, w/2<x<m,

find f’(x) by differentiation of the Fourier series representation of f(x).
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Solution The function satisfies the conditions of Theorem 9.3, so its Fourier
series representation may be differentiated term by term to find the Fourier
series representation of f’(x). It was shown in Example 9.2 that the Fourier se-
ries representation of f (x)is

1 /2 2 1
fx) = —+ <§ COSX — gCOSSx— gcos4x—--->

+ —1 ——sinx + —3 sin2x — — sin3x +
1 1 ..
X X 3 X ,

so differentiation shows the first few terms of the Fourier series for f’(x) to be
1 2 6 1 2 3
fl(x)=——=sinx+ —sin3x +--- ) + — ——cosx+—ﬂ0052x—~- ,
T 3 5 g 3 2

where from the definition of f(x)

2cos2x, —mw<x<-m/2
f'(x) =10, —n/2<x<m/2 n
2cos2x, mw/2<x<m.

The convergence of Fourier series has been examined, and it has been shown that
where f(x) is continuous its Fourier series representation converges to f(x), but where
it has a finite jump discontinuity it converges to the mid-point of the jump. The Bessel
inequality and the Parseval relation have been established, and conditions given for the
termwise integration and differentiation of a Fourier series.

EXERCISES 9.2

In Exercises 1 through 4, apply the Parseval relation to the
given function and its Fourier series to obtain a series rep-

6. Find the Fourier series for the function

L. . 0, -4<x<0
resentation involving a power of 7. flx)= {4’ 0<x <4
1 f(x)= {_1’ r=x =0 and apply the Parseval relation in Exercise 5 to the re-
1, O<x<m sult PPl
with f(x) = 2 Z 45111(2” D . 7. Use the Fourier series in Example 10.6(b) for the func-
=N tion
2. f(x)=x,—m <x<m

1 sin nx

with f(x) —22( 1y ==

0, for—-m7<x<0
f(x):{xz’ forO0<x <m

3. f(x)=x? T sx=m to find a series for 72/12.
T 1 COSNX 8. Use the Fourier series for f(x) = |sinx|, for —7 < x <
with f(x) = 4 Z( D ' 7, to find a series for 7 /4.
4. f(x)= |cosx| —r < x <z 9. Use the Fourier series for
cos 2nx for—1<x<0

with f(x)_—+ Z( 1)"+1(4 1y

. Show that the Parseval relation for a function f(x) de-

fined on the interval — L < x < L takes the form

/ [f(x)]zdx—2a0+z a,+b;).

10.

0,
fx)= {x, for0<x <1
to find a series for 72/8.
Integrate the Fourier series of f(x)in Exercise 2 to find
the Fourier series of x2. What happens if the Fourier
series of f(x) is differentiated to find f'(x)?
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11. Find the Fourier series of f(x) = 7% — x*for -7 < x <
7 and use it with Theorems 10.2 and 10.3 to find the
Fourier series of x and x(7? — x?).

Exercises 12 through 18 are optional. Exercises 12 through
14 show how the partial sum

n
Su(x) = ap + Z(ar cosrx + b, sinrx),
r=1

of the Fourier series of a function f(x) defined over the
fundamental interval —m < x < 7, and by periodic exten-
sion outside it, can be expressed as an integral. Exercises 15
through 17 provide an intuitive justification of Theorem 9.1.

12. Starting from the trigonometric identity
sin + !
i n+ =
n 2 X
Z cosrx = —————=

X
r=1 2 si —
()

that formed Exercise 19 in Section 1.4, integrate the
identity first over the interval [—x, 0] and then over the
interval [0, ] to show that

. 1
o sin [(n + —) x]
[
’” sin (2
)
sin [( + 1> ]
- n+ = |x
o=y
0 (X
sin ( 2)

13. Substitute the Euler formulas for a, and b, into S,(x),
after first replacing the dummy variable x in each inte-
gral by the dummy variable u to avoid confusion with
the variable x in S,(x). Combine all terms under a single
integral sign and, after simplifying the result using the

formulacosa cosb +sinasinb = cos(a — b),use there-
sults of Exercise 12 to show that

Su(x) = %/;Hﬂ flx— I)Mm.

t
x—x 2si -
Sin <2>

Ly
2

x =m and

X =T.

14. Use the periodicity of the integrand of S,,(x) in Exercise

13 to show that
o (n+5)
n4 —
mva )y,
2sin | =
s1n<2>

The function D, (¢) = sin[(n + %)t]/[z sin(§)] occurring
in the integrand of S,(x) is called the Dirichlet kernel.

S, =1 [ L=+ fr0)

15. Use a computer to graph D,(t) in Exercise 14 in the
interval —7 <t < &, for n = 10, 15, 30. Confirm from
the graphs that when # is large D,(t) only differs sig-
nificantly from zero in the interval —27/(2n+1) <t <
27/(2n+1).

16. Use the conclusion of Exercise 15 together with the re-
sult

D,(t)dt ==
established in Exercise 12 to give reasons why for large
n the Dirichlet kernel D, (t) can be approximated by the
rectangular pulse function

0, - <t<-=2n2n+1)
A(t)=10@n+1)/4, 27/2n+1) <t <27/2n+1)
0, 2n/2n+1) <t <.

17. Use the result of Exercise 16, with

5,00 =1 [ Lfe=0+ fr+ 01D, 0

from Exercise 14, to suggest why in the limit as n — oo
this confirms the convergence properties of Fourier se-
ries stated in Theorem 9.1.

18. By first setting f(x) = sinmx and then f(x) = cosmx
in the result of Exercise 17, with m a positive integer,
and using the fact that the functions sin mx and cos mx
are their own Fourier series on —7 < x < 7, deduce
that

/sinmtDn(z)dt:/ cos mt D, (t)dt
0 0

|0, n=1,2,....m~—1
T \x/2, n=mm+1,....

9.3 Fourier Sine and Cosine Serieson 0 < x< L

A function f(x) that is specified on the interval 0 < x < L can be represented
in terms of a series either of sines or of cosines on the interval. These series are
obtained by first extending the definition of the function to the interval - L < x < L
in a suitable manner, and then restricting the Fourier series representation of the
extended function to the original interval 0 < x < L.
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Sine Serieson 0 < x< L

Let a function f(x) specified on the interval 0 < x < L be extended to the interval
—L < x < Las an odd function by the requirement that f(—x) = — f(x) for — L <
x < L. Then the odd function g(x) given by

—f(=x), —L<x<0
““z{ﬂw, 0=x<L

and defined on the interval —L < x < L, coincides with the function f(x) on the
original interval 0 < x < L.

It follows from Theorem 9.1 and the Fourier series representation of functions
on the interval — L < x < L that

> nmwx
= bn in — ) f _L S S L’ 28
f(x) nE=1 sin — or X (28)
where
b, = 2 /Lf(x)sin "X g, forn=1,2 (29)
n — L ) 2 , =1l,4,....

Asthe functions f(x)and g(x) coincide for0 < x < L, we see that by restricting
x to the interval 0 < x < L, series (28) is the required sine series. Result (28) with
the coefficients b, defined by (29) is called the sine series representation of f(x)on
the interval 0 < x < L, or sometimes the half-range sine series expansion of f(x).

Cosine Serieson 0 < x< L

If f(x) is extended to the interval —L < x < L as an even function, by requiring
that f(—x) = f(x) for —L < x < 0, we can define an even function g(x) by

| f(=x), -L<x<0
=1 0Erii

If we again use Theorem 9.1 with the Fourier series representation of functions on
the interval — L < x < L, it follows that

o0
f(x):ao—i-Zancos%, for—-L<x<L (30)
n=1

where

1L 2 L
ao:Z/o f(x)dx and an=z/0 f(x)cos%dx, forn=1,2,....
(31)

Here also the functions f(x) and g(x) coincide for 0 < x < L, so by restrict-
ing x to this interval (30) is seen to provide required cosine series representation
of f(x) on the interval 0 < x < L. Result (31) with the coefficients a, defined by
(32) is called the cosine series representation of f(x) on the interval 0 < x < L, or
sometimes the half-range cosine series expansion of f(x).
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Fourier expansions
only in terms of
sines or cosines

Sine and cosine representations of f(x)on0 < x <L
Let f(x) be defined on the interval 0 < x < L. Then the sine series represen-
tation of f(x) is given by
= nmwx
flx) = ansinT, forO0<x <L,
n=1
where
2 1L,
b, = —f f(x)sin@dx, forn=1,2,...,
L J, L
and the cosine series representation of f(x) is given by

o
f(x)=a0+2ancos%, for0<x <L,
n=1

where

1 L 2 L nmwx
a0=z/(; f(x)dx and anzzf(; f(x)COSde’

forn=1,2,....

Find the sine and cosine representations of f(x) = x for0 < x < 7.

Solution The sine series representation is given by
o0
flx) = Z b, sin nx,
n=1

where
2 [t .
bnz—/ xsinnxdx, forn=1,2,....
T Jo

Integrating this last result, we find that
2
by = (—1)"*'=,
n
so the required sine series representation is

o .
25—yt I 0 <x <
F =23 1y I forg < <

n=1

The cosine series representation is given by

o0
f(x)=ay+ Zan cos nx,
n=1
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where

b
a0=—f xdx and a, =
0

T

Integration gives

T
a0=§,

while ay,_1 = —

so the cosine series representation is

f(X)=

Summary

Fourier Sine and Cosine Serieson0 <x <L 571
2 T
—/ xcosnxdx forn=1,2,....
T Jo
4
m, and 612”:0 forn:1,2,...,
cos(2n —
Z (2n—1)2 forO0 <x <m. |

It has been shown how a function f(x) defined on the interval 0 < x < L can be repre-

sented either in terms of a series involving only sine functions or as a series involving only
cosine functions. These special Fourier series, called either half-range sine or cosine Fourier

series, were obtained from the usual expansion over the interval
the definition of f(x) to the interval

—L < x < L by extending

—L < x < L inasuitable manner. As half-range Fourier

series are derived from ordinary Fourier series, their convergence properties are the same
as those of ordinary Fourier series.

EXERCISES 9.3

In Exercises 1 through 4 find the sine series for the given
function defined on the interval 0 < x < .

1.

TS

f(x) = x2.
f(x) =|cosx|.

cosx, O<x<mn/2
f()_{ /2 <x <.
f) = (x —m)*/m?.

In Exercises 5 through 8 find the cosine series for the given
function defined on the interval 0 < x < 7.

cosx, O<x=<mn/2
5f()—{ w/2 <x <.
6. f(x)=sinx.
sinx, O<x<umn/2
7f()_{ /2 <x <.
8. f(x)=(x—n)/n%
9. Use the sine series together with the orthogonality of

10.

the functions sin 7=, forn = 1,2, ..., on the interval
0<x<Lto show that the Parseval relatlon for the
sine series takes the form

L o)
7 [ trwpas =3

Use the cosine series together with the orthogonality
of the functions cos 7=, forn = 1,2, ..., on the inter-
val0 <x < L to show that the Parseval relation for

11.

12.

13.*%

the cosine series takes the form

%/L[f(x)]de =2a}+ 0% + iafl.
0

Find the sine series representation of

fx)=e™,

Find the sine and cosine series representations of
f(x) =7 —x on the interval 0 < x < . Use them
with the results of Exercises 9 and 10 to show that

O<x<m.

72 > 1 a4 o0 1
T2 9% = 2 G-

Comment on which series representation converges
most rapidly to f(x).

Explain why if f(x) and g(x) have Fourier series rep-
resentations for —7 < x < m, the Fourier series repre-
sentations of f(x) & g(x) can be obtained from those
for f(x) and g(x) by term-by-term addition or sub-
traction. By adding and subtracting the Fourier series
representations of

[ @+ gtopx and [ (560 - glax
obtain the generalized Parseval relation
% f(x)g(x)dx =2ap Ao + Z(anA + b, B,),

n=1
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where the a,, b, are the Fourier coefficients of f(x)
and the A,, B, are the Fourier coefficients of g(x).

14.% Let f(x) defined for —7 < x < 7 be approximated by
the nth partial sum of its Fourier series representation

Su(x) = ap + Z(am cos mx + b, sinmx),

m=1

and let

D(x) = Ag + Z(Am cos mx + By, sin mx)

m=1

be any other approximation to f(x) with coefficients
A,, and B,,. Show by expanding the square error

£ = [ [0 - o, (0Fax

in terms of the Fourier series representation of f(x)
that FE, is minimized when A,, =a,, and B, =b,,
for m=0,1,2,...,n. This establishes the fact that
the Fourier series partial sum S,(x) provides the
best trigonometric approximation to f(x) in the least
squares sense.

& Other Forms of Fourier Series

In this section we introduce two other forms of Fourier series that prove useful.
The first is the Fourier series of a function f(x) defined over an interval a — L <
x < a+ Lwith a an arbitrary real number, and by periodicity outside it. Frequently
a = L,corresponding to the Fourier series over the interval 0 < x < 2L. The second
form of Fourier series considered uses the Euler identity e’* = cosx + i sinx to
derive the complex form of the Fourier series, also often called the exponential

form of the Fourier series.

Fourier Series over a Shifted Interval

Routine integration shows the set of functions

1, sinn—
L

and cos% forn=1,2,...

form an orthogonal system over any interval of the forma — L <x <a + L, for

any real number a, and that

—L

—L

atL mmx nmwx
cos cos —dx =
a

L L

L mmx . onwx
sin sin —dx =
, L L

a+L
. mux nwx .
/ sin 17 cos de =0 for all integers m and n,
a

0 form#n
L for m = n, for all integers m and n,

0 form#n
L form=n#0
2L form=n =0, for all integers m and n.

The following result is a direct consequence of these integrals, and it pro-
vides an extension of the definition of a Fourier series to the interval —L <

x < L.

e Fourier series over the intervala — L <x <a+ L

a shifted interval

A function f(x) defined on the interval @ — L < x < a 4+ L has the Fourier

series representation

> nwx . nmwXx
f(x)=ao+ Z (a,, €OS —— + by, sin T) ) (32)

n=1
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where

1 a+L 1 a+L
@ =57 - f(x)dx, a,= z/;—L f(x)cos ?dx,

(33)

1 a+L
b=p [ fesinEax, forn=12.....

Find the Fourier series representation of

x, 0<x<m
T, T<XxX<2T.

f(X)={

Solution A graph of the function f(x) is shown in Fig. 9.12. Using (33) with
a = L=m gives

1 2 37 2
ag = — f(x)dx=— and a,=— f(x)cosnxdx,
2w 0 4 T Jo
from which it follows that
2
arp—1 Z—W and azn=0 forn=1,2,....

The Euler formula for b, gives

2w 1
b, = — f(x)sinnxdx = —— forn=1,2,...,
T Jo n
so the required Fourier series is
3r 2 Ghcos(Cn—1)x  hsinmx
=7 7 - for0 < 2. ]
f(x) , n; n 1y ; - or0 <x <2n

Complex Fourier Series

The Euler identities ¢/* = cos x 4 i sin x and e ** = cos x — i sin x allow us to write

eix + efix eix _ efix
cosx = —— and sinx=——
2 2i
f(x)
bl ,———
7
7
7
7
7
7
7
1 I// 1
0 T 2n 3n X

FIGURE 9.12 The function f(x) defined for
0<x<2m.
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the complex or
exponential
form of a
Fourier series

When these results are used in the real variable Fourier series representation of
f(x) over the interval —L < x < L, it becomes

3 eimrx/L + e—inrrx/L einrrx/L _ e—imrx/L
= b ,
= 3o () e ()

and after grouping terms we have

n . n .
_ an —ibn\ ip/r an +ibn\  _ipa/r
f(x)_ao+z_:<T)e"x Jij(T e~inmx/L, (34)
n=1 n=1
If we now define
—1ib b
co = do, cn:%, and c_nzan—k% forn=1,2,..., (35)

the Fourier series representation of f(x) in (34) becomes

k
f(x) = lim Z cpe™ ¥t for —L < x < L. (306)
k—o00 —

This is the complex or exponential form of the Fourier series representation of f(x).
If real functions f(x) are considered, the Fourier coefficients a, and b, are real,
and (35) then shows that ¢, and c_, are complex conjugates, because c_, = ¢,. To
proceed further we now make use of the fact that the functions exp(immx/ L) and
exp(—inmx/L) are orthogonal over the interval —L < x < L, because integration

shows that

L
eimnx/Le—inrrx/de — 0’ form 7é —n
_I 2w for m = —n for m, n positive integers.

Multiplication of (36) by exp(—imm x/ L), followed by integration over —L < x < L
and use of the above orthogonality condition gives

1k :
€ =57 f fx)e ™™ tdx,  forn=0,+1,£2,.... (37)
2L,

Collecting these results we arrive at the following definition.

The complex form of a Fourier series

Let the real function f(x) be defined on the interval — L < x < L. Then the
complex Fourier series representation of f(x) is

k
f(x) = lim Z c, et for —L < x < L,
k—)oonz_k

where

1 [k -
Cp= — f f(x)e ™™/ Lax, forn=0,+1,42,....
2L )
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As the complex form of a Fourier series was derived directly from the real
variable Fourier series, it follows directly that if f(x) is defined for a — L < x <
a + L, then

k
f(x)= lim > c,e™™/" fora— L<x<a+L, (38)
k%oon:_k
with
1 a+L .
Cn =5+ f(x)e ™™ tdx,  forn=0,+1,+£2,.... (39)
2L a—L

It is sometimes useful to separate out the coefficient ¢y from the summation in
(36) (or in (38)) by writing

k
f(x) =co+ lim Z,cnei"””‘, (40)
k—o00
n=—k
with the understanding that X’ indicates that the term corresponding to n = 0 has
been omitted from the summation.
When f(x) is real, so that c_,, = ¢, result (40) becomes

[e.¢]
f(x) —co+ Z[Cneimrx/L + Enefimrx/L]. (41)

n=1
Because the complex form of the Fourier series representation of a function
is derived from its real variable definition, the convergence properties of complex
Fourier series are the same as those already discussed for the real variable case.
So at points of continuity of f(x) the complex Fourier series converges uniformly
to f(x), while at points of discontinuity it converges to the mid-point of the jump

discontinuity.

Find the complex Fourier series representation of
0, —m<x<-m/2
fx)=131, —m2<x<mn/2
0, 7w/2<x<m.

Solution As the function f(x) is defined on the interval —7 < x < 7, we have
L = m, so the coefficients ¢, are given by

1 (" 1 (2 1
= — dx = — ldx = -
“ 2w — f(X) o 2w —7/2 o 2

and

1 i —inx 1 /2 _ 1 einm/2 _ p—inm/2
=5 dx = — gy -~ ("¢
“ = /7;1 fxe YT /7‘[/26 T 2i

forn=41,+2,....

The coefficients ¢, reduce to the real values

1
c,lz—sinE forn=41,42, ...,
nm 2

so ¢, = c_, because ¢, is an even function of n. Consideration of the function
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Summary

sin(nzw /2) for integer values of n shows that

(-1
7(2n—1)

Thus, the complex Fourier series representation of f(x) is

Con—1 = and ¢, =0 forn=1,2,....

1 koo .
f(x) ==+ lim cn(e™ + 7).
2 keoon;k

The real variable Fourier series representation of this function f(x) was derived in
Chapter 8, Example 8.22, and considered again at the start of Section 9.1. If ¢, is
used in the preceding result with ¢/ + e~ = 2 cos nx, the complex Fourier series
representation reduces to the real variable Fourier series representation

1 2 g1 €08(2n — 1)x
f(X)=§+;;(—1) 1W

that was obtained previously. This series, and the equivalent complex series, con-
verges uniformly to f(x) at points of continuity of f(x) and to the value 1/2 at the
discontinuities located at x = /2. ]

Find the complex Fourier series representation of

0, 0<x<1
f(x)z{l, l<x <4

Solution The function f(x)is defined on the interval 0 < x <2/, with2L = 4, so
L = 2. Thus, the complex Fourier coefficients ¢, are given by

1 4 . 14 .
Cp = —/ f(x)e_’”’”‘/zdx = —/ e 2y forn=0,4+1,+£2,....
4 Jo 4 Ji
Setting n = 0 gives

Co =

AW

whereas
i .
=—[1—e™/?] forn=+1,+2,....
Cn 2nn[ e ], forn

So the complex Fourier series representation of f(x) is

k
_ . inwx/2
f) = oot fim 3 cne™™

with ¢y and ¢,, defined as shown. [ |

Accounts of Fourier series and their general properties are to be found in refer-
ences [3.3] to [3.5] and also in [3.7], [3.16], and [4.2]. An advanced and encyclopedic
account of trigonometric series is given in reference [4.5].

Other forms of Fourier series have been derived, first by stretching and shifting the interval
over which the expansion was required, and then by expressing the series in complex form.
As both results were derived from the ordinary Fourier series, their convergence properties
are the same as those of ordinary Fourier series.
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EXERCISES 94

In Exercises 1 through 4 find the Fourier series representa- representations of the given function f(x) over the stated
tion of the function f(x) over the given shifted interval. interval.
0, O<x<m 5. f(x)=¢", —-1<x<l.
1 f(x):{l ' ) =e
;T <X <ZTm. 6. f(x)=x* 0<x<2m.
2. fx)=1-x, O0<x<l 7. f(x)=¢", O0<x<l.
3. fx)=x, O<x<m. 8. f(x)=sinhx, -7 <x<m.
4. f(x)=x* 7 <x<3m 9. f(x)=¢", —m<x<m.
In Exercises 5 through 10 find the complex Fourier series 10. f(x) =coshx, —-1<x<l1.

9.5 Frequency and Amplitude Spectra
S of a Function

interpreting Fourier
series representations
in a different way

When Fourier series are applied to periodic physical phenomena with period 7, it
is convenient to work in terms of the angular frequency wy defined as

2w

where 1/ T = wy/2m measures the number of cycles (oscillations) occurring in one
time unit. For example, the period of the function sin2x is 7' = 7, so in this case
wy = 2.

The Fourier series representation of a function f(x) defined on the interval
—L < x < Lwith the corresponding period 7" = 2L has been shown to be

> nwx . nmx
f(x) =ap+ ; (61” Ccos T + bn S1n T) y
so as wy = 7/ L this can be written
o0
f(x)=ay+ Z(an COS nwpXx + by, sin nwpx), (43)

n=1

where
1 L
ap = i/% f(x)dx

1k 1k
a, = —f f(x)cos MY gy = —/ f(x)cosnwoxdx forn=1,2,..., (44)
L), L L),
and

1 [t 1 [t
by = ~ f Foo)sin T ax = - f F(x)sinnwoxdx forn=1,2,.... (45)
L —L L L —L
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frequency spectrum,
amplitude, and
phase

In terms of these results (43) becomes

> a b
f(x)=aop+ aﬁ + b,21 12 |:—" cos nwpx + —————— sinnwox] .
; ( ) (a2 +82)'" (a2 +b2)""

(46)

Using the trigonometric identity cos(P + Q) = cos Pcos Q — sin Psin O, and
defining

172

A, = (aﬁ + bfl) and 8, = Arctan (—b,/ay), (47)

with A, the amplitude and §, the phase, allows (46) to be written more concisely
in the amplitude and phase angle representation

f(x)=ap+ i Ay cos(nwox + 8,). (48)

n=1

When the Fourier series representation of f(x) is expressed in this form, the
set of numbers

w, 2(00, 3(00,...

is called the frequency spectrum of the function f(x). The number nwy is called the
nth harmonic frequency of f(x), and the number §, the nth phase angle of f(x).
The set of numbers

AO’ A17 AZ’ AR
where Ag = |ag|, is called the amplitude spectrum of f(x), and the function
cos(nwox + &)

is called the nth harmonic of the function f(x). The amplitude spectrum can be
displayed graphically by drawing lines of height Ay, Ay, Ay, ..., against the respec-
tive harmonic frequencies wy, 2w, 3wo, . . ., as shown in the next example. This is
called a discrete spectrum, because the amplitude is only defined at the discrete
frequencies in the frequency spectrum.

Result (48) shows how f(x) is representable in terms of a linear combination
of harmonics, each weighted by an appropriate amplitude factor A,.

Find the harmonics and amplitude spectrum of
-7 <x<0

f(x):{z’—x, 0<x<m.

Solution 1In this case the function is defined on the interval —7 < x < 7,s0 L=
7, T=2L=2nr,andwy = 2/ T = 1. The frequency spectrum becomes 1,2, 3, ...,
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and the Fourier series representation in terms of frequency is

fx) =ao+ Z(an cos nx + by, sinnx),

n=1
where
1 [0 1 (7 3
= dx + — —x)dx = =,
a = 7 ﬂn x+2n,/0 (r — x)dx 1
and
1/0 cos d+1/n( ) cos nxd 1[1 (-1
ap = — T nxax + — T —X nxdx = —|1 — (— ,
7 J . 7 Jo n?
forn=1,2,....
This last result simplifies to
2 0 for 1,2
Wy 1= ————, a3, =0, n=12,....
T ren—1)2 7
Similarly,
1 [0 1 [™ —1)y
bnz—/ nsinnxdx—}-—/ (n—x)sinnxdx=( ), forn=1,2,....
T J_x T Jo n

Substituting the coefficients a, and b, into the Fourier series gives

3r 2 & cos(Zn—1)x K (—1)'sinnx
f = — + — + fi —7 < < 7.
*) 4 T nX:; (2n —1)2 ; n or *

To find the harmonics and the amplitude spectrum, it is necessary to group
together terms with corresponding frequencies. When this is done f(x) becomes

3 2 1 2 1
flx) = TJT + (; cosx — sinx) + Esin2x + (% cos3x — gsin3x>

1 2 1
+ Zsin4x+ (ECOSSX— gsinSx) + -

This shows, for example, that the fifth harmonic is proportional to

1 .
75 cosS5x — 5 sin 5x.

The amplitudes are

37 2\? 7
o = lao| 1 1 |:<n> +( ):| ,
1/2
1 2\? 1\?
A=, Ay=|[= -
=g A [(9) +( 3)} ,
1/2
1 2 \? 1\*
Ag=-, As=|[-— —
4 7R 5 [(25n) +< 5)j| ,

1 4 172 1
Aoy = 1 d A=, forn=1,2,....
2] (2n—1)[(2n—1)2n2+ } and Ao =5, forn

In general
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0 1 2 3 4 5 6 7 nw

FIGURE 9.13 The amplitude spectrum of f(x)
as a function of frequency.

The first few numerical values of the amplitudes are

Ap=2356, A;=1.185, A>,=05 A3;=0341, A, =025 As=0202,
As = 0.167, ...,

and the amplitude spectrum of f(x) is shown in Fig. 9.13. In Fig. 9.13 the am-
plitudes Ay, A1, ..., are represented by vertical lines of length Ay, Ay, ..., corre-
sponding to the frequencies 0, 1,2, ....

The phases §,, = Arctan (—b,/a,) are seen to be given by

81 = Arctan (7/2), & = Arctan (—o0), 83 = Arctan (37/2),
84 = Arctan (—o0), &5 = Arctan (57/2),....

The negative sign is required in the arctangent functions associated with phases with
even suffixes so that when the terms A,, cos(2nx + §;,) are expanded, the functions

sin 2nx have a positive sign. ]
Summary It was shown how a Fourier series can be interpreted in a different way by introducing
an angular frequency wo, combining sine and cosine terms with similar arguments into a
single cosine term with a phase angle, and calling the magnitude of the multiplier of the
cosine term the amplitude associated with the cosine term. A discrete plot of amplitude as
a function of frequency was then called the amplitude spectrum of the representation. This
form of representation is useful in many applications involving vibrations, because when the
response of a system is represented in this way, the square of the amplitude is proportional
to the energy in the system at that frequency, so the plot shows the distribution of energy
as a function of frequency.
In the following exercises find the frequency and amplitude 1, —7<x<0
spectrum of the given functi 3 10=17 o
pectrum o € given functions. s <X <T.
[0, 27 <x<0 4.fx={_1’ -7 <x<0
l'f(x)_{x’ 0<x <27, () 1, 0<x <.
2. fx)=x, —-nm/2<x<m/2. 5. f(x)=x* —m/d<x<m/4
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9.6  Double Fourier Series
I

Fourier series representations extend in a natural way to functions f(x, y) of two
real variables x and y over theintervals — [, < x < [yand—L, < y < L,,provided
f canbe represented as a Fourier series in x when y is held constant, and as a Fourier
series in y when x is held constant.

To arrive at a double Fourier series representation for f(x, y), we first consider
y to be a constant and write f(x, y) as

- mmx . mux
e =3 (A eos "+ B sin "7 ). )

and then allow y to vary by replacing the Fourier coefficients A,,(y) and B,,(y) by

extending Fourier their Fourier series representations

series to function

f(x, y) of two o0

variables Am(y) = HXZ(; (amn COs —— L, + Dy Sin LL2y> (50)
and
> nmwy nmy
B,(y) = ; (cm,, cos I, + d, sin L—2> .

Substituting (50) into (49) shows f(x, y) can be written as

nmwy X . nmwy
flx,y)= ZZ(am,,cos COS —— L + byun cos = L sin Lz)
m=0 n=0
niy mmx nwy
+ c sm cos—+d sin sm—). 51
223 (emsin "7 cos T2 - dmsin " sin ). (51

The Fourier coefficients a,,, for m,n =1, 2, ... are found by multiplying (51) by
S” and integrating over the interval —[; < x < [; to get

cos *
STX
A cos — L

f(x y) cos —dx = ZZ

- m=0 n=0

o0 0 T Ly
+ Z by SIN nry / 0S cos de
m=0 n=0 L L —L L i
X T nmwy /Ll . mmx  STWX
+ Cynn COS —— sin cos —dx
m2=;) ; L " L, =L Ly L
EX T nry (M mmx  smx
+ yp SIN —— / sin cos —dx . (52
L2 [ ST e ] 62
The orthogonality of the functions cos “£* and sin ** over the interval —L; <
x < L; reduces (52) to
: f(x,y)cos S g = i asn Ly cos 2 + bgn Ly sin ny (53)
. Y L] = - snta L2 sn L2 .
1 n=0
Multiplication of (53) by cos t”y followed by integration over the interval —L, <
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double Fourier series
representations

Fourier Series

y < L, reduces it further to

Ly L ¢
/ f(x,y)cos ki cos Lydy =agliL,,
Ly L,

=L, LJ-I,

so replacing s by m and ¢ by n gives

1 L b mrx  nmy
Ay = X, y)cos —— cos ——dxdy form,n=1,2,....
"L Ly /—Lz —L fex) L L, Y

(54)

The coefficient ag follows by setting m = n = 0in (51) and integrating over the
intervals —[; <x < [jand —L, <y < L, to give

apo =

L, pL
/ f(x, y)dxdy. (55)

AL Ly J_p, )1,

It remains to find the coefficients a,,p and ag, for m,n =1,2,.... Setting n = 0 in
(53), integrating over —L, < y < L,, and then replacing s by m gives

1 Lz L]
Ao = X, cos dxd 56
=5, [, e (56)

The coefficients ap, forn = 1, 2, . . . follow by multiplying (5 1) by cos ter_ly ,integrating
over the interval — L, < y < L,, and then replacing ¢ by n to obtain

Ly pL
aop = ﬁ/; . f(x,y)cos nlj:[—zydxdy. (57)
Corresponding arguments show that form,n =1,2, ...,
1 L, Ly y
bun = L / . flx,y) cos L *gin Y dxd (58)
. muXx
Con = L, /Lz » f(x, y)sin I cos —dxdy, (59)
1 Ly . y
dpn = L, [Lz » flx,y) sin - L1 Y sin 7 dxd (60)
where
bno=0, ¢, =0, dy,=0 and du =0, (61)

because the index zero causes the sine function to vanish in the integrands of the
integrals defining these constants.

Thus, the general double Fourier series representation of f(x, y) over the in-
terval -y <x < [jand —L, <y < L, is given by

o nwy mrx . nmy
flx,y)= Z Z (am,, cos 2% cos I + by cOs o sin L—z)
m=0 n=0
o nwy mmx . nmw y)
A Cp sin 7 cos 7Y + dyp SIn sin ——
22 (e g F

(62)

where the coefficients a,,, by, Con, and d,, are given by expressions (54) to (61).
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The following useful special cases arise according as the function f(x, y)iseven
or odd in its variables.

Case (a) f(x, y) Is Even in x and y

Inthiscase f(—x, y) = f(x, y)and f(x, —y) = f(x, y),so only the coefficients a,,,
are nonzero, leading to the double Fourier cosine series representation

= mrx ni
f(x,y) = ap + Z @0 COS I + Za‘)" cos L—zy
" = (63)
A i i Ay COS mrx cos nry
mn L1 L2 .
m=1 n=1

As f(x, y)isevenin both x and y, both limits of integration in the integrals defining
the a,,,, in (54) to (57) can be changed to give

1 Lz L]
gy = x, y)dxd
00 L1L2/o " f(x,y) Y
Ly plly mmx
= ) d d 3 =1,2,...
Amo L, /0 ! f(x,y)cos I xdy, m
Ly oLy nwy
= ] —=dxdy, =1,2,...
aon L1L2/0 0 f(x, y)cos I xdy, n

4 Ly pla mmx nwy
= , ——dxdy, =12 ....
A .5, /0 0 f(x, y)cos L cos I xdy, m,n

(64)

Case (b) f(x, y) Is Even in x and Odd in y

In this case f(—x,y)= f(x,y)and f(x,—y) = — f(x, y) so only the coefficients
b, are nonzero, leading to the representation

ad LTy A mrgx . nwy
X,y) = bo,, Sin —— + by COS sin —=. 65
fx.y) ; o sin == r; ; n €08 - I (65)

As f(x, y)is even only in x, the limits of integration for x in integral (58) defining
the coefficients b,,, can be changed to give

2

fp pi
by = / X, y) COS
m =T ) ), f(x,y)

Y sin 7 axdy
Ly L

(66)

4 /LZ L mmx
X, y)cos
7 f(x,y) 2

. hmy
——dxdy.
sin L xdy
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Case (c) f(x, y) Is Odd in x and Even in y
In this case f(—x,y) =—f(x,y)and f(x,—y) = f(x, y), so only the coefficients
cmn are nonzero, leading to the representation

o0

flx,y) = Z Car) sin 7Y + i Z @ sin 77 cos nzzy (67)

m=1 n=1

As f(x,y)is even only in y, the limits of integration for y in integral (59) defining
the coefficients c¢,,, can be changed to give

L, pLy
Conn = o / f(x, y) sin mztlx cos %dxdy
A L (68)
. mmXx nwy
= X, y)sin cos —=dxdy.
L1L2/(; —L =) Ly L, Y

Case (d) f(x, y) Is Odd in x and y

In this case f(—x, y) = — f(x, y) and f(x, —y) = — f(x, y) so only the coefficients
d, are nonzero, leading to the double Fourier sine series representation

flx,y)= Z Z A sin 77 in 7Y (69)

m=1 n=1 1 L2

As f(x,y)is odd in both x and y, both limits of integration for x and y in integral
(60) defining the coefficients d,,; can be changed to give

Ly oLy . muXx
X, y)sin
L fo ! f(x,y) 7

Alp = sin —dxd (70)

Find the double Fourier series representation of f(x, y) = xy over —2 < x < 2 and
—-4<y=<4

Solution The function f(x, y)is odd in both x and y, so this corresponds to the
double Fourier sine series representation of case (d) with L; = 2and L, = 4. From

(70) we have
Ay = 3 / / Xy sm sm Tydxdy

4
=—|:/ xsmmn dx] [/ ysm—dy]
21Jo 0

! [—4<—1>m} [—16<—1>"} _ a2

mm nrw mnm?’
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Thus, the required double Fourier sine series representation is

NIEIE 1 . mnx . nmy
- +
ften= m? mZ::l ;(_Wn S SN SIS

for —2 < x <2 and —4 < y < 4. Notice that this same expression describes the
representation of f(x,y)forO <x <2and0 <y <4 ]

By analogy with the half-range sine and cosine series of Section 9.3, a function
f(x,y) defined in a region 0 < x <a,0 <y < b can be extended to the region
—a < x <a,—b <y < beither as a function that is odd in both x and y, or as one
that is even in both x and y. If it is extended as an odd function, case (d) applies and
the representation in the first quadrant follows by restricting the result to0 < x < a,
0 < y < b, whereas if it is extended as an even function, case (a) applies, when the
representation is again obtained by restricting the resultto0 < x <a,0 <y <b.

Suppose, for example, a double Fourier sine series representation of f(x, y) =
xy is required for 0 < x <2 and 0 < y < 4. Then extending f(x, y) to the re-
gion —2 < x <2,—4 <y <4 as a function that is odd in both x and y leads to
Example 9.15, so the required representation is given by restricting the
double Fourier sine series of Example 9.15to 0 < x <2 and 0 < y < 4. Similarly,
f(x,y) = xy can be represented by a double Fourier cosine series in 0 < x <2
and 0 < y <4 by extending it as f(x, y) = |x||y|for -2 <x <2 and -4 <y < 4.
As f(x,y) is even in both x and y, case (a) can be applied and the result again
restricted sothat ) < x <2and 0 < y < 4.

A typical plot of a double Fourier series approximation to f(x, y) = xy for
0 <x <2and0 < y < 4 provided by a partial sum of the double Fourier sine series
in Example 9.15 is shown in Fig. 9.14 for the case with m = n = 10. If, instead, the
cosine approximation had been used (see Exercise 6), the plot of the correspond-
ing approximation provided by the partial sum with m = n = 10 is shown in Fig.
9.15. The convergence of the double cosine series is seen to be the faster of the
two.

e AR T TR ]
A AT

FF
2L 7T 7 ’
f'z’tb’.’,-:'ﬂ%:,z‘!!ﬁ LA A

FIGURE 9.14 A double Fourier sine series approximation to
flx,y) = xy.
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FIGURE 9.15 A double Fourier cosine series approximation
to f(x,y) = xy.

Summary It was shown how an ordinary Fourier series representation can be extended in a natural
way to the expansion of functions f(x, y) of two variables. After the derivation of the gen-
eral expansion result, four useful special cases were examined and illustrated by example.
Unless f(x, y) is simple, the Fourier series approximation of functions of two variables can
require numerical integration when finding the Fourier coefficients, and many terms are
usually required to achieve good convergence, so in general it is necessary to perform such
calculations and to plot the result by computer.

EXERCISES 9.6

L Bysettingy = lin f(x,y) = ¥’y,with—7 =x <mand 4. f(x,y) =" for—w <x=wand-m <y<=n.
—m <y < m,show that the double Fourier series repre- 5% f(x,y) =sign(xy), for—r <x<mand—-nw <y<mn,
sentation of f(x, y) reduces to the ordinary Fourier se- where signu = 1ifu > Oandsignu = —1ifu < 0.
ries representation of f(x) = x? for —7 < x < 7 given 6.5 f(x,y)=|xy|, for-2<x<2and-4<y<4
b ’ e . for - and

y 7% f(x,y) =sign (xy) +xy, for - <x <7 and - <
72 e COS mx y=m.
- 4 _1 m_-"" -
fx) 3 + ;( ) ) 8% f(x,y)=ylsinx|, for—7 <x<mand-mw <y <.

9.% Extend f(x,y)=x)?, forO0<x<mand0<y<m,
to—nm <x <mwand—n < y < 7 asanodd function, and
hence find a double Fourier sine series representation

2. f(x,y)=xy?, for—-m<x<mand-m <y<m. of f(x,y)forO<x <mand0 <y <.

3. f(x,y)=x’y, for-m <x<mand -7 <y<m.

In Exercises 2 through 9 find and plot double Fourier series
partial sum approximations to the given function.
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TECHNOLOGY PROJECTS

The purpose of these projects is to use computer algebra to generate Fourier series for continuous

and discontinuous functions, to use computer graphics to examine their convergence to the functions
they represent, and to explore the nature of the Gibbs phenomenon.

Project 1

Finding Fourier Series and Plotting
Partial Sums

Use computer algebra to find the first 11 terms
ap, ai, ..., as, by, by, ..., bs of the Fourier series of

f(x) = (n* —x*)e*sinx for —7 <x <.

Plot the approximation to f(x) obtained by using
(a) the terms involving ay, a1, a», by, and b, and (b) the
11 terms involving ay, . .., as, by, ..., bs in the partial
sum approximation, and compare the results with the

graph of f(x).
Project 2

Examining the Gibbs Phenomenon

Use computer algebra to find the Fourier series rep-
resentation of the function

f(X)={

sinx -1, —-w<x<0

sinx +1, O0<x <.

By plotting the partial sum representations of
f(x) using different numbers of terms, demonstrate
the persistence of the overshoot and undershoot
caused by the Gibbs phenomenon as the number of
terms in the approximation increases.

Project 3

The Complex Fourier Series

Use computer algebra with the complex Fourier series
representation of a function to verify the coefficients
¢, and ¢y, found in Example 9.12. Plot different par-
tial sum approximations to f(x) and, as in Project 2,
demonstrate the persistence of the Gibbs phenomena
as the number of terms in the partial sum approxima-
tion increases.
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CHAPTER

Fourier Integrals and
the Fourier Transform

ourier series enable functions and solutions of linear systems defined over afinite interval

to be represented as an infinite series of sines and cosines. This suffices for many physical
problems, but often the interval involved is either semi-infinite or infinite, in which case a
somewhat different representation becomes necessary. This happens, for example, when
working with the partial differential equations that describe heat conduction and diffusion
in a half-space for which Fourier series cannot be used.

The Fourier integral can be regarded as the limiting case of a Fourier series representa-
tion of a function f(x) defined overaninterval —L < x < L as L — oo. The meaning of the
integral representation when the function to be represented is discontinuous is considered,
and the special cases of the sine and cosine integral representations are introduced.

Fourier sine and cosine transforms are considered, tables of their transform pairs are
given, and the transform of derivatives is discussed. In anticipation of Chapter 18, an
application of the Fourier transform is made to the problem of the one-dimensional time
dependent heat equation.

10.1. . The Fourier Integral

Fourier series has been shown to represent an arbitrary function f(x) over
aninterval — L < x < L, and because the series is periodic with period 2 L the
representation of f(x) in this fundamental interval is repeated by periodicity for
all x outside the interval. However, even if f(x) is defined outside the fundamental
interval, it does not necessarily follow that the function and its periodic extensions
coincide outside the interval. This means that if a nonperiodic function is to be
represented over an arbitrarily large interval, some generalization of a Fourier
series is required.
Letting L — oo in a Fourier series leads to the introduction of a different type
of representation called a Fourier integral representation, where the function f(x)
is defined for all x and need not be periodic. This representation forms the basis
of an integral transform called the Fourier transform that is similar to the Laplace
transform. As with the Laplace transform, one of the the main uses of the Fourier
transform is in the solution of differential equations.

589



590 Chapter 10 Fourier Integrals and the Fourier Transform

the Fourier integral
representation

The derivation of the Fourier integral representation given here is heuristic,
because a rigorous one requires techniques that are not needed elsewhere in the
book. We start from the definition of a Fourier series of f(x) over an interval
—L < x < Lgivenin (18) and (19) of Section 9.1 by writing

f(x)=ao+ Z <an cos % + b, sin ?) (1)
n=1
where

1 [t 1t nTx
ay = ﬁ/—L f(x)dx, a,= Z.[L f(x) cos de,
1t nTXxX @
b,,:z/_Lf(x)sdex forn=1,2,....

Substituting the Fourier coefficients (2) into Fourier series (1) allows it to be written
in the integral form

nm(u — x)

1 [k RS
f0 =57 [ fdu+ > | rweos ™ 3)

To proceed further, if the representation is to remain valid as L — oo the first
term must not become either infinite or indeterminate. This will certainly be true
iflimy o f_LL | f(x)|dx is finite, because then the integral involved in the first term
will be absolutely convergent and the first term in (3) will vanish in the limit as
L — oco. From now on we will assume this condition to be satisfied. We can now
write (3) as

nr(u—x)

1 00 L
flx) = ZX_]:/L f(u)cos Tdu. 4)

It is from this point onward that our derivation of the Fourier integral rep-
resentation becomes heuristic, because the arguments used to convert (4) to an
integral over the interval (—oo, 00) are merely intuitive. A careful examination of
the convergence of the double integral involved would be necessary to provide a
rigorous justification.

Setting A, = 7/L, and defining the frequency w, = nx/L, allows (4) to be
rewritten as

1 i A / ' F(u) cos[w,(u — x)]du ®)
T p—) e —L o '

Examination of (5) suggests it is equivalent to the pre-limit sum approximation
used in the definition of the definite (Riemann) integral of the function

F(u) = %/_LL f(u)cosw(u — x)du.

Using this last result in (5), and proceeding to the limit as L — oo, we obtain

Flx) = % /0 " do [ " F(w) cosw(u — x)du, ©)

which is called the Fourier integral representation of f(x).



Dirichlet conditions

THEOREM 10.1

the fundamental
Fourier integral
theorem
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By defining the functions A(w) and B(w) as

Alw) = % / " fu)coswudu and  B(w) = % / Y fwysinouds, (1)

the Fourier integral representation in (6) can be written in the simpler form
[e¢]
flx) = / [A(®) cos wx + B(w) sin wx]dw. (8)
0

The convergence properties of Fourier series recorded in Theorem 9.1 can
be shown to be transferred to the Fourier integral representation of f(x) if, in
addition to the integral of f(x) being absolutely convergent over (—oo, 00), it also
satisfies certain other conditions. These conditions, called Dirichlet conditions, are
as follows:

(i) In any finite interval f(x) has only a finite number of maxima and minima

(ii) In any finite interval f(x) has only a finite number of bounded jump disconti-
nuities and no infinite jump discontinuities.

We now state the following theorem for the Fourier integral without proof.

PETER GUSTAV LEJEUNE DIRICHLET (1805-1859)

A German mathematician who studied under Gauss, was the son-in-law of Jacobi and
succeeded Gauss as Professor of Mathematics at Gottingen. He did much to make some of the
more abstruse contributions by Gauss better understood. His most important contributions

to mathematics were his major contribution to the understanding of the convergence of
Fourier series, and his work on number theory and the theory of potential.

Fourier integral theorem Let f(x) satisty Dirichlet conditions, and suppose the
(sufficiency) conditions that f(x) be both integrable and absolutely integrable over
the interval —oo < x < oo are both satisfied, so each of the integrals ffooo f(x)dx
and [ | f(x)|dx exists. Then

%[f(x +0)+ f(x—-0)]= %/OOO dw/:: f(u)cosw(u — x)du
or, equivalently,
1 o .
SLAG+0) + f(r—0)] = /0 [A() cos wx + B(w) sin wx]do,
where
Aw) = & / " flu)coswudu and B(w) = - f " Ao y
T J_co T J—oo

Find the Fourier integral representation of f(x) = e .

Solution The function e~ satisfies the Dirichlet conditions, and [ _|e~|dx =
2, so the integral of f(x) = e ! over (—o0, 00) is absolutely convergent. This con-
firms that f(x) = e~"I has a Fourier integral representation.
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The function e "!is even in x, so e~ cos wu is also even, and

1 [ 2 [~ _, 2
Alw) = — e " coswudu = — e coswudu = ———.
T J oo T Jo (1 + w?)

As the function e sin wu is odd in u,

1 [ 2 (™
B(w) = —/ e " sin wudu = —/ e “sinwudu =0,
T J_ 0

00 T

so from (8) the Fourier integral representation of eI is seen to be

o2 [, .
T Jo 1 + w?

PETTTITEIFI Find the Fourier integral representation of
e, x>0
e =1{%

, x<0

and use Theorem 10.1 to find the value of the resulting integral when (a) x < 0,
(b) x =0, and (c) x > 0.

Solution The function f(x) satisfies the Dirichlet conditions and the integral
ffooo | f(x)ldx = f0°° e *dx =1, so as the conditions of Theorem 10.1 are satisfied
the function has a Fourier integral representation.

We have
1 [ J 11> _, J 1
A(w):;/_oof(u)coswu u:;/(; e " coswu u:m
and
1 [ 1 [
B(a)) = ;\/;oo f(u)Slna)uduz ;/(; e_”Sinwudu: ﬁ

Substituting into (8) shows the Fourier integral representation to be

1 [ i
f(x):—/ COS X +  Sin wxdw for—oo < x < o0.
T 14+ w?

Applying the results of Theorem 10.1 to this integral, we find that

2 f(x) /°° COS wX + w sin wxd ?T’/z i<8
= w = B =
0 1+’ Te ™, x>0.

When x = 0, this last result is seen to reduce to the familiar definite integral

/"o dw o -
0 1—|—a)2_2

Special forms of the Fourier integral representation arise according to whether f(x)
is even or odd. When f(x) is an even function, f(u) sin wu is an odd function of u,
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so B(w) =0 and
2 oo
Alw) = — / f(u) cos wudu, 9)
T Jo
so that (8) simplifies to the Fourier cosine integral representation of f(x)
(o.¢]
flx) = / A(w) cos wxdw. (10)
0

Similarly, when f(x) is an odd function, f(u)cos wu is an odd function of u, so
A(a)) = (0and

2 o0
B) =~ / ) st (11)
T Jo
causing (8) to simplify to the Fourier sine integral representation of f(x) given by

flx) = /Ooo B(w) sin wxdw. (12)

Summary of Fourier integral representations

(a) Anarbitrary function f(x) satisfying the conditions of Theorem 10.1 has
different Fourier the general Fourier integral representation

integral
representations

%[f(x +0)+ f(x—=0)] = foo[A(a)) cos wx + B(w) sin wx|dw.
0
(13)

(b) Aneven function f(x) satisfying the conditions of Theorem 10.1 has the
Fourier cosine integral representation

%[f(x +0)+ f(x—-0)] = fooo A(w) cos wxdw. (14)

(¢) An odd function f(x) satistying the conditions of Theorem 10.1 has the
Fourier sine integral representation

[F(x +0)+ F(x —0)] = /0 " B(w) sin wxdo, (15)

N =

where

Alw) = %/_00 f(u)coswudu and B(w)= %/_oo f(u)sinwudu.

(16)
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Summary

Fourier Integrals and the Fourier Transform

The Fourier integral representation of a function f(x) was introduced as the natural ex-

tension of a Fourier series representation as the interval of the representation extends to
become the interval —oo < x < co. A fundamental representation theorem was given and
illustrated by example, and some useful special cases of the theorem were considered.

EXERCISES 10.1

Find the Fourier integral representation of the given func-
tions.

1. The rectangular pulse function f(x)= {(1) :i: i}
(Fig. 10.1). ’

f(x)
1

I

\ |

\ \

\ \

\ |

\ \

| |

-1 0 1 X

FIGURE 10.1 Therectangular pulse function.

2. The triangular function

0, x| > a

o= |H(1+5) —ezaso

(Fig. 10.2).
X
b(l——), 0<x<a
a
f(x)
b
—a 0 a X

FIGURE 10.2 The triangular function.

0, x| > a .

3. f(x)= {bx/a, Ca<x<a (Fig. 10.3).
fx)
b

|

l

—ai 0 a X

-b

FIGURE 10.3 The truncated straightline function.

0, x <0
4. f(x)=4sinx, 0<x<wn (Fig. 10.4).
0, x>
f)
L f(x) =sin x
|
0 n/2 b X
FIGURE 10.4 The asymmetrictruncated sine
function.
w/2)cosx, |x|<m/2 .
5. f(x)= {é /2) :x: _ nfz (Fig. 10.5).
fx)
/2
f(x)=cos x
—T/2 0 n2  x
FIGURE 10.5 The truncated cosine function.
w/2)sinx, |x| <mw/2 .
6. f(x)= {(() /2) :x: - rer (Fig. 10.6).
f®) f(x)=m/2sinx
/2 -
\
[
|
| |
—/2 0 /2 X
|
—n/2 -

FIGURE 10.6 The truncated sine function.
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0, x<0 8. The hump function f(x) = 1/(1 + x?) (Fig. 10.8).
7. f(x)=4cosx, O0<x<m (Fig. 10.7). (Hint: Use the result of Example 10.16 with a change of
0, x> notation.)
&) f@)

1 Nx):‘ coS X
1
0 /2 7:5 X /\
I 0 X

-1 FIGURE 10.8 The hump function.

FIGURE 10.7 The asymmetric truncated cosine
function.

10.2 - The Fourier Transform
[

The starting point for the development of the Fourier transform is the complex
form of the Fourier integral representation of a function f(x). To derive this
representation in which f(x) is defined over the interval (—oo, c0), we substi-
tute into (8) of Section 10.1 the expressions for A(w) and B(w) given in (7) to

obtain
1[f()H—O) + f(x=0)] = 1 /oo _/oo f(u)[cos wu cos wx +sinwusinwx]dui|dw
2 T Jo LJ-

1

= - /Ooo :/: f(u) cosf{w(u — x)}du]dw

T

_ 1 /OOO :/: f(u) cos{o(x — u)}du]da),

T

where we have used the result cos w(u — x) = cosw(x — u).

As the integrand in the last integral is an even function of w, the interval of
integration with respect to w can be doubled and the result compensated by the
introduction of a multiplicative factor 1/2 to give

%[ Fle+0)+ f(x—0)] = % /_ Z [ /_ Z Fu) cos w(x — u)du:|dw. (17)

The function sin w(x — u) is an odd function of w, so it follows directly that

0= % : [/: f(u) sinfw(x — u)}dui|da). (18)

the complex Fourier
:':ter?-:::Ltation Multiplying equation (18) by i, adding the result to equation (17), and using
s the Euler formula e’ = cos® + i sin6, we arrive at the complex Fourier integral
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Fourier transforms
and transform pairs

representation

L0+ 1 -01= 5 [~ | [ ) exptiots = i do.

(19)

The brackets in (17) to (19) were retained to clarify the order in which the
integrations are performed, but they are usually omittedin (19), which then becomes

—[ FGe+0) + f(x —0)] = / / Heemliel — oidio.

(20)

Clearly, the left-hand side of (20) reduces to f(x) wherever the function is
continuous.

To arrive at the definitions of a Fourier transform and its inverse we write
the factor exp{iw(x —u)} in (19) (equivalently (20)) as the product exp{iwx} -
exp{—iwu}. Then, as the inner integral only involves integration with respect to
u, we rewrite (19) as

flx) = \/%_71 /_Z exp{ia)x}[\/%_n /_Z f(u) exp{—iwu}dui|da), (21)

where the left-hand side is to be replaced by (1/2)[ f(x + 0) + f(x — 0)] whenever
f(x) is discontinuous.
If we now define the function F(w) as

F(w) = «/% /jo f(u) exp{—iwu}du,

then because u is a dummy variable it can be replaced by x and the result rewritten
as

F(w) = \/%_n /_Z f(x) exp{—iwx}dx, (22)
so that (19) becomes

1 oo

f(x) i ];oo F(w)expliox}dw. (23)

The function F(w) in (22) is called the Fourier transform of f(x), or sometimes
the exponential Fourier transform, and because integral (23) recovers f(x) from
F(w)itis called the inversion integral for the Fourier transform. As with the Laplace
transform, when working with the Fourier transform the function f(x) and the
associated Fourier transform F(w) are called a Fourier transform pair. A short
table of Fourier transform pairs is to be found at the end of this section.

Various other notations are used to indicate the Fourier transform of f(x), the
most common of which involves representing it by f(), so in terms of the notation
used here, f(w) = F(w).
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Another notation that is often useful involves representing the Fourier trans-
formof f(x)by F{f(x)},sothat F{ f(x)} = F(w),and when this notation is used the
inverse Fourier transform is written F~'{ F(w)} = f(x). In what follows a function
to be transformed is denoted by a lowercase letter, and the corresponding uppercase
letter is then used to denote its Fourier transform. So, for example, F{g(x)} = G(®)
and F{h(x)} = H(w).

The choice of the normalizing factors 1/+/27 in integrals (22) and (23) is op-
tional, and it is chosen here to introduce as much symmetry as possible into the
definitions of a Fourier transform and its inverse. All that is required of the nor-
malizing factors is that their product be 1/(27), so in many reference works the
factor 1/+/27 in (22) is replaced by 1, while the factor 1/4/27 in (23) is replaced by
1/(2m). Itis impossible to achieve complete symmetry in the definitions of a Fourier
integral and its inverse because the exponential factor occurs with opposite signs
in (22) and (23).

When Fourier transforms listed in reference works are used, another source of
confusion can arise because sometimes the signs in the exponential factors occurring
in integrals (22) and (23) are interchanged. When this happens a Fourier transform
obtained using this sign convention can be converted to the one used here by
reversing the sign of w. However, each definition of the Fourier transform and the
corresponding inversion integral conform to the general pattern

Flf(x)} = % /_oo f(x)exp{Fiwx}dx and
(24)

oo

FYF(0)} = % / F(w) exp{Fiox}do,

—0Q

where k is an arbitrary scale factor.

In view of the different conventions that are in use, when working with Fourier
transforms and referring to reference works, it is essential that the normalizing
factor k and the sign convention employed in the exponential factors be established
before any use is made of the results.

When we considered the convergence of Fourier series, the Riemann-Lebesgue
lemma was established the results of which were that

lim / f(x) cosnxdx = lim / f(x) sinnxdx = 0. (25)

n—00
A limiting argument similar to the one used in Section 10.1 when deriving the

Fourier integral representation of f(x) shows that, provided f(x) has a Fourier
transform,

lim [ f(x) coswxdx = ‘ l‘im 22, f(x) sinwxdx = 0. (26)

|w|—o00

As the Fourier transform F(w) of f(x) can be written

F(w) = \/Lz_ﬂ[focoo f(x) coswxdx —i [ f(x) sin a)xdx], (27)
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an application of limits (26) in (27) establishes the important property of a Fourier
transform that
lim F(w)= (28)

|w|—00

Find the Fourier transforms of

(a) fx) = {1’ X< ) e = {

0, x| > a,

1, 0<x<a
0, otherwise,

(©) plx) =

2+a2

by making use of the standard integral [° $¥2%dx = Ze~l*l (g > 0) and (d)

00 xZ+a?
IH)L 0 1
q(x) = {e otherwise - 111 €ach case confirm that the Fourler transform vanishes as
w — Fo0.

Solution
a ) 1 elwa _ p—iwa
(a) F(o e ' dx = [ - ]
( ) V2 —a w21 1
B 1 [2[eiwt — g—ica B 2 sinwa
T oV 2i “Vr o

As sin wa is bounded, it follows directly that lim,—o F(w) =0

L[ e, 1 (1
(b) G@):E/Oe dx_m< < )

As the numerator of G(w) is bounded, it follows that lim, -« G(w) = 0. This
example shows that although f(x) may be real, its Fourier transform can be
complex.

e—iox cos a)x sin wx

\/_/OOXZ_i_aZ J_/ x2_|_a2 \/_/mx2+a2
The integrand of the second integral is odd, so the value of the integral is zero.
Using the standard result

/-OO COS wx dx _ ze_lwla

oo X2+ a? a

(0 Plo)=

in the remaining integral on the right, we find that

—|wla
P(w) = \/ge — (a>0).

In this case the factor e71*!* ensures that lim|,|_ o, P(w) = 0.

q(x)efzwxdx — efz(wfa)xdx

N

i <1 _ ei(wa))
N 21 a—w )
As the numerator of the Fourier transform is bounded, the denominator causes
the transform to vanish as |w| — oo. This example shows that a complex function

can also have a Fourier transform and, in general, that the transform will be complex.
|

() Ow) = «/%_n fo
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The fundamental properties contained in Theorems 10.2 to 10.8 that follow are
called operational properties of the Fourier transform. Familiarity with these prop-
erties is essential, because they simplify calculations involving Fourier transforms
and can lead to results that are difficult to obtain without their use.

Linearity of the Fourier transform Let the functions f(x) and g(x) have the re-
spective Fourier transforms F(w) and G(®), and let a and b be arbitrary constants.
Then

Flaf(x) + bg(x)} = aF{ f(x)} + bF{g(x)}.

Proof As the Fourier integral involves the operation of integration, the linearity
property of the transform follows directly from the linearity property of the definite
integral. u

Theorem 10.2 is important when the Fourier transform of a sum of functions
is required, because it is this result that allows each term involved in the sum to be
transformed separately before the results are added.

Find the Fourier transform of 3 f(x) — 2g(x), where f(x) and g(x) are the functions
in (a) and (b) of Example 10.3.

Solution Using the results of Example 10.3 and applying Theorem 10.2, we have
F3f(x) —2g(x)} = 3F{f(x)} — 2F{g(x)}

_ 2 [3sinwa 1 — e ion . -
T w iw

Fourier transform of a derivative of f(x) Let f(x) be a continuous function
of x with the property that lim, .o f(x) =0, and such that f’(x) is absolutely
integrable over (—oo, 00). Then:

@ Ff'(x)}=ioF().
(b) For all n such that the derivatives ) (x) withr = 1,2, ..., n satisfy Dirichlet
conditions, are absolutely integrable over (—oo, 00), and limy_ @~V (x) =0,

FUP ) = (iw)" F(w),
where f)(x) = d" f/dx".
Proof
(a) Integration by parts coupled with the condition that lim,,» f(x) = 0 gives
1 o ;
f{/x}=—f "(x)e " *dx
FeN == | F®

1 —iwx
= \/T—n[f(x)e
=iow F{f(x)} =ioF (),

oooo _ (~iw) /_ : f(x)e_i“’xdx]

where the term f(x)e~“*|* vanishes because of the condition lim_, ~ f(x) = 0.
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THEOREM 10.4

THEOREM 10.5

(b) The second part of the theorem follows by repeated application of result (a),
and the conditions imposed on f(”(x) are necessary to ensure that its Fourier
transform exists. u

Find the Fourier transform of p’(x) from the Fourier transform of p(x), where p(x)
is the function in Example 10.3(c).

e—\w\a

Solution It was shown in Example 10.3(c) that P(w) = \/Z *—, so it follows from
—|wla

Theorem 10.3 (a) that F{p'(x)} = iw P(w) = la)\/geT u

Fourier transform of x” f(x) Let f(x) be a continuous and differentiable function
with an n times differentiable Fourier transform F(w). Then

@ ) =i [F(w)
and
dn
o F @)

for all n such that lim,|_ o, F®(w) = 0.

b))  Fl"fx)) =i

Proof The proof of the theorem follows directly by the application of Leibniz’s
rule that governs differentiation under the integral sign. The rule may be stated as
follows:

Leibniz’ rule: Let f(x, w) and 3 f/dw be continuous functions of their variables
with —co < x < 0o and —00 < @ < oco. Furthermore, let [ | f(x, »)|dx be finite
and |3 f/dw| < h(x) where h(x) is piecewise continuous and such that [ h(x)dx
is finite. Then

% /_: flx,w)dx = /oo %[f(x, w)]dx.

—o0

(a) Using Leibniz’ rule to differentiate the Fourier transform of f(x), we obtain
1 d [~ e ox

e xf(x)e " “*dx.

2x do /—oo ! V2n /;oo &)

The required result follows from this after multiplication by 7, because the expres-

sion on the right is then F{xf(x)}.

(b) The proof for the case whenn > 1follows by repeated application of result (a).
The conditions imposed on x” f(x) and F(w) are necessary to ensure the existence
of the Fourier transform. n

L F()] = (x)e o dx =

Fourier transform of x” f™(x) Let f(x) be a continuous n times differentiable
function. Furthermore, let x f)(x) for r = 1, 2, ..., n satisfy Dirichlet conditions
and be absolutely integrable over (—oo, 00), and let »" F(w) possess an m times
differentiable inverse Fourier transform. Then, provided lim o f"~D(x) =0,

Flxm fO(x)} = (0'"*”;%[60"1” (@)].
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Proof The result follows directly by combining Theorems 10.3 and 10.4, because

I (00 = 0 F{ 10w} = 0 Flo).

The conditions imposed on x™ f (”)(x) and o" F(w) are necessary to ensure the ex-
istence of the Fourier transform. ]

The examples that follow illustrate how Theorems 10.3 to 10.5 may be used to
find the Fourier transforms of more complicated functions.

Find the Fourier transform of f(x) = exp(—a*x?)(a > 0).

Solution The function f(x) is continuous and differentiable for all x and

[o¢] o0 1 o0
/ lexp(—a’x?)|dx —/ exp(—a’x?)dx = E/ exp(—u?)du = g,

o0 (o] —00

where we have made use of the standard integral f_oooo exp(—u?)du = /m. This
shows that f(x) is absolutely integrable over the interval (—oo, c0), and so f(x)
has a Fourier transform. A straightforward calculation establishes that f(x) satisfies
the differential equation

' +2a°xf =0.
Taking the Fourier transform of this equation using Theorem 10.2 gives
Ff () +2a° Fix f(x)) = 0.

Applying Theorem 10.3 to the first term and Theorem 10.4 to the second term and
cancelling a factor i reduces this to the variables separable equation for F(w),

20°F' + wF =0, where F(w) = exp(—a’x?)e "% dx.

71

When variables are separated, the equation becomes
F 1

w? W2
In F(a)):—4—az+lnA, or F(w)ZAeXp[_T]’

SO

where, for convenience, the arbitrary integration constant has been written in the
form In A. To determine A we use the fact that A = F(0), but

1 Jr 1

exp(—a’x*)dx = — =

N2m a a«/z’

1
FO =
and so

2 1 w?
Flexp(—a®x?)} = F(w) = W Xp{—w} (a > 0). [ |
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EXAMPLE 10.7

finding the Fourier
transform of a
function defined by a
differential equation

Find the Fourier transform of the Bessel function Jy(x).

Solution The Bessel function Jy(x) does not satisfy the absolute integrability con-
dition found in Theorem 10.1. However, this is merely a sufficient condition that
ensures the existence of the Fourier transform of a function f(x), though not a
necessary one. Functions exist that possess a Fourier transform even though this
condition is violated, and Jy(x) is such a function. The function f(x) = Jo(x) is an
even function that is defined for all x and satisfies Bessel’s differential equation of
order zero

xf'+ f+xf=0.

Taking the Fourier transform of the differential equation by using Theorem
10.2 and then applying Theorem 10.5 to the first term, Theorem 10.3 to the second
term, and Theorem 10.4 to the last term, we find, after the cancellation of a factor
i and the combination of terms, that

(1- wz)F/ —wF =0, where F(w) = Jo(X)e_i“’xdx.

’1 oo
v 2 /;oo
This is a linear first order variables separable differential equation that can be
written

F’ w
?da) = / 1 — a)zdwv

so integration gives

1 A .

In F(w) = —Eln(l —0*)+InA or F(o)= (RS with 0 < 0® < 1.
In thisequation, the arbitrary integration constant has again been written in the form
In A, and the restriction on ? is necessary because the real logarithmic function is
not defined for negative arguments.

To determine A we use the fact that A = F(0), together with the standard result
15" Jo(x)dx = 1 and the fact that Jy(x) is an even function, to obtain

A= F(0) = \/%/OO Jo(x)dx = J%/om Jo(x)dx = \/g

Substituting A into F(w) gives

FlJo(x)} = F(o) = @ml‘[(l - |wl),

where the Heaviside unit step function H(1 — |w|) is necessary because of the re-
striction imposed by the real logarithmic function that requires w to be such that
0<aw? < 1. u

When working with Fourier integrals, as with the Laplace transform, it is useful
to introduce the convolution operation to establish the relationship between the
functions f(x) and g(x) and their respective Fourier transforms F(w) and G(w).

The convolution of functions f(x) and g(x) denoted by f x g is a function
of x, and if the dependence on a variable x in the convolution is to be emphasized,
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convolution of f(x)
and g(x) and the
product of their
transforms
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it is then denoted by ( f * g)(x). The convolution of f(x) and g(x) is defined as

(xp0 = [ " f()g — 1yde = [ " P - Dglo)dr. (29)

Asslightly different definition of the convolution operation for the Fourier transform
is also to be found in the literature, where it is defined as

(f #g)(x) = J% / : F(Og(x — 1)dr.

When this definition is employed, the form taken by the next theorem (the convo-
lution theorem for Fourier transforms) will require modification. This is because its
form will depend on the factor 1/+/27 and the way the constant 27 enters in the
definition of the Fourier transform that is used.

The convolution theorem for Fourier transforms Let the functions f(x) and g(x)
be piecewise continuous, bounded, and absolutely integrable over (—oo, co) with
the respective Fourier transforms F(w) and G(w). Then

(@) FA(f * )0} =21 F{f(x)}F{g(x)}, or F{f x g} =27 F(w) G(w)

and, conversely,

(b) (f % g)(x) = v2m /_ " F(0)Gw)e ™ do.
Proof (a) By definition,
1 * 1 * —iwx
]:{(f*g)(x)} = Z/_oo I:ij /_Oo f(t)g(x —t)e d[i|dx

- [% /_ Z [ f_ Z F()g(x —t)ei“’xdxi|dt,

where the second result follows from the first by a change in the order of integration.
If we set v = x — ¢, this becomes

o]

A0 = 5= [ [F0g)e e aray

—00

= %/ f(t)e""‘”dtf g(v)e ' dv.

[e0]

However, ¢ and v are dummy variables and so may be replaced by x, causing the
preceding result to become

FU(f ) x)} = F{f(x)}2m Fg(x)},
showing that
FUS = g)(x)} =21 F{f(x)} Flg(x)}, or F{(f+*g)(x)}=2n F(w)G(w).

Result (b) follows directly from the last result by taking the inverse Fourier trans-
form that causes a factor +/2x to cancel. ]
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EXAMPLE 10.8

THEOREM 10.7

the Parseval relation
extended to Fourier
transforms

It was shown in Example 10.3(a) that the function f (x):{l’ 1< has the Fourier

. 0, |x|>a
transform F(w) = ,/2 (32e2) 'so by the convolution theorem it follows that

T w

FUf* A} = V2T [\/g (Si“w‘””)]z 22 (Sin:;““) |

Confirm this result by calculating ( f * f)(x) and finding its Fourier transform.

Solution 1In terms of the Heaviside unit step function we can write f(t) =
H(a — |t|) and f(x —t) = H(a — |x — t]), after which consideration of the product
f(t) f(x — t) shows that

—a<t<x+a,(—2a<x<0)
otherwise

rore-n={g

and

x—a<t<a,(0<x<2a)
otherwise.

17
fofe-n=14
The required convolution is then given by

[ dt =2a +x,(=2a < x < 0)

and * x) = 0 otherwise.
fxa_adt=2a—x,(0<x<2a) (f* f)x)

(f*f)(X)=:

Taking the Fourier transform of ( f* f)(x), we have

FU(f = )} = LI ' (2a + x)e™"*dx + 20(2a—x)eiw"dx}
0

V2 —2a

B 2 (1— cos2wa
"V w? ’

but 1 — cos2wa = 2 sin® wa, so

.2
FI(f* Nx) = 2@ (Smw;”") ,

as required. ]

The Parseval relation for the Fourier transform If f(x) has the Fourier transform
F(w), then

f_ : | F(x)Pdx = f " |Fw)Pdo.

o]

Proof Setting x = 0 in result (b) of the convolution theorem gives

| ros-ar = [ Fo)Gdo.

oo

As the Fourier transform is defined for both real and complex functions, it follows
from the definition of the transform that F{ f(—x)} = F(w), where the bar indicates
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complex conjugation. If we set g(¢) = f(—1), the preceding result becomes

[%f&ﬁhﬂﬁ=[wF@ﬂ%wﬂw%

or
| i@ = [ iF@Pdo.
and the result is proved. ]

Using the result of Example 10.3(a) and the Parseval relation, show that

* sin® wa
5 dow =ma.
oo @

Solution Substituting f(x) = { b =4 and the corresponding Fourier transform

N 0, |x|>a
F(w) =/ 2(®222) found in Example 10.3(a) into the Parseval relation gives
a4 2 [ (sin’wa 2 [ (sin’wa
/ 12dx=—/ ( 5 )da), andso 2a=—/ < > >dw (a > 0),
—a T J o o) T J oo w
from which the required result follows. ]

The final theorem describes the effect on the Fourier transform of f(x) caused
by scaling x by a factor a, shifting x by a and shifting w by A.

Fourier transforms involving scaling x by a, shifting x by a, and shifting w by A If
f(x) has a Fourier transform F(w), then

B FUf) = F/a) @>0)

(i) F{f(x-a)}=e""F(v)
(i)  Fle™ f(x)} = F(w—2)

Proof As the results of the theorem follow immediately from the definition of the
Fourier transform, only result (i) will be proved, and the derivation of results (ii)
and (iii) left as exercises. Starting from the definition of F{ f(ax)} and making the
variable change u = ax we have

F{f(ax)} = \/%_n /_oo flax)e “*dx = % /_oo F(w)e "y

= %F(a)/a)(a > 0). m

Using the function f(x) and its Fourier transform F(w) from Example 10.9, find

(a) F{f(2x)}, (b) F{f(x — 7)}, and (c) F{e™ f(x)}.
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the Dirac delta
function and the
Fourier transform

transforming partial
derivatives

Solution Using the results of Theorem 10.8 we have:
(@ F{f(2x)} = %\/g (%) 2@(M>
(b) F{f(x— ) = ei”‘”\/g (Sinwwa>
(©) Flei f(x)} = \/g (W) _

The Dirac delta function §(x) was introduced in connection with the Laplace trans-
form, where it was recognized that it is not a function in the usual sense, but an
operation that only has meaning when it appears in the integrand of a definite inte-
gral. Because of its many uses in connection with physical problems described by
differential equations, we now extend its definition in a way that is suitable for use
with Fourier transforms. This is accomplished by defining §(x — a) in a symmetrical
manner about x = a in terms of the integrals

/_oo 3(x —a)f(x)dx = /oo 3(a —x) f(x)dx = f(a), (30)

o0 —

where a is any real number.
This definition allows the Fourier transform of §(x — @) to be represented as

. 1 .
8(x —a)e " Ydx = ——e " (31)

F{d(x —a)} = Wi

1 o
v 27 /;oo
Find the Fourier transform of f(x) = 6(x — a) exp[—b*x*] (b > 0).

Solution By definition

F(3(x — a) exp[-b*x*]} = % /Oo 8(x — a) exp[—b°x*]e ™" dx
T J—o00
= le_n exp[—(a*b* +iwa)]. -

Fourier Transforms of Partial Derivatives
with Respect to x of a Function f(x, t)
of Two Independent Variables

The Fourier transform with respect to x of a function f(x,t) of two independent
variables x and ¢, denoted by F(w, t), is defined as

Flf(x,0)) = F(o, t) = J% [ h f(x, t)e " dx, (32)

where the prefix suffix x shows the variable that is being transformed.
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In (32) the variable ¢ is not involved in the integration with respect to x, so it
follows that the integral by which f(x, t)isrecovered from F(w, t) and the transform
of partial derivatives of f(x, ) with respect to x obey the same rules as those for
the function of a single variable f(x). Thus, the inversion integral is given by

f(x,t) =, F YF(w, 1)) = F(w,t)e' dw, (33)

1 oo
a4 2 v[—oo
and the Fourier transforms of the partial derivatives of f(x, ¢) with respect to x are
given by

ol = GorFo.n (9
F G 0) = i [Flw, 1) 69)
F ol = im e P, ) (36)

These results are necessary when using the Fourier transform to solve partial differ-
ential equations involving a function f(x, t) of two independent variables x and ¢
where —oo < x < co. Once the partial differential equation has been transformed,
it becomes an ordinary differential equation for F(w, t), with ¢ as the independent
variable and w as a parameter. When F(w, t) has been found by solving the differ-
ential equation, the solution f(x, t) of the partial differential equation is recovered
from F(w, t) by means of the inversion integral (33).

To illustrate the application of the Fourier transform to a partial differential
equation we take as an example the one-dimensional heat equation, the derivation
of which can be found in Section 18.5. This same partial differential equation was
used when developing applications of the Laplace transform in Chapter 7. The heat
equation that determines the one-dimensional temperature distribution 7'(x, t) on
a plane x = constant at time 7 in an infinite block of metal with heat conduction
properties characterized by the constant « is given by

P*T 10T
ax2 kot

The problem we now consider is finding the temperature distribution through-
out the metal ata time r when at¢t = 0 the one-dimensional temperature distribution
throughout the block is given by

T'(x,0) = f(x),

where f(x) is a prescribed function. Our objective will be to find the temperature
T(x,t) on a plane x = constant at a time ¢ > 0 caused by the redistribution of heat
as time increases.

The Laplace transform cannot be used because when applied to the spatial vari-
able x itis only valid for x > 0, so instead we must make use of the Fourier transform
with respect to x because this applies for —co < x < oo. Taking the Fourier trans-
form of the heat equation with respect to x gives

92T 1 (0T
*f{w}-xfz{a}’
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so if we apply (34) with n = 2, while regarding w as a parameter, this becomes

d A
—w’kF(w,t) = E[F(a), t)], where F(w,t)= T(x, t)e "“*dx.

1 o0
7l
The transform F(w, t) satisfies the ordinary differential equation
F + o’ F =0,
with the solution
F(w.1) = A(0) exp{—’t},

where A(w) is to be determined (remember that w is a constant with respect to ).
As

F(w,t)= T(x,t)e "“*dx,

1 o0
A/ 27‘[ /;oo
it follows from the initial condition that

1 o0 .
F(w,0) = —/ xX)e "“*dx,
0.0=—7=[ f
but F(w,0) = A(w), so

Flw,t)= «/% /oo f(x')exp{—iwx' — w*ct}dx',

where to avoid confusion in the next step of the calculation the dummy variable x
has been replaced by x'.
Applying the inversion integral to this result gives

T(x,t) = \/% /:)O exp{ia)x}[«/% /jo f(x")exp{—iwx" — w2/<t}dx/]da)

= % /: f(x’)[/: explio(x — x') — a)zlct}da)]dx’.

We show separately that

(oxr)

1 o0
7 /foo explio(x — x') — o’kt}dow = ™

so the required solution is seen to be given by

T(x,t) = \/g/: f(x')exp {—%} dx'.

OPTIONAL To show that

1 [= 1 Y
E/_mexp{ia)(x—x’)—w%t}dw:,/émm exp{—(x4K);) }

we need to use a complex analysis method from Chapter 15. However, before we
can use this technique, the integrand of the integral on the left must be rewritten.
We multiply the exponential function by e”e~? (that is, by 1), where P is to be
determined later, and as a result obtain

explio(x — x') — w’kt} = e exp{— P + iw(x — x') — w’«t}.
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We now choose P so that the exponent in the exponential can be expressed in the
form —(a — ifw)?. When this is done it turns out that

; / _ +\2
g =X)L and = X
2kt dict
SO
1 oo . / 2
— f explio(x — x") — wkt}dw
27 J oo
1 (x—x)? i(x —x') 2
= — —-—— t) d
o eXp{ det }/weXp{ ( 2kt +w“/'(—) ©
Making the change of variable
i(x —x")
= — t,
u N + okt
we find that

1 o0
— / explio(x — x') — w’«t}dw
2 J_

1 (x _ x/)2 1 ic+oo 5
= 5= - = —u?)d
e e N R

where ¢ = (x — x')?/\/(4«t). If we integrate exp{—u?} around the rectangle with
corners located at —R, R, R+ic, and — R+ ic in the complex plane, and proceed
to the limit as R — oo, it follows that the integrals from — R to —R + ic and from
Rto R+ ic vanish, so as exp{—u?} has no poles inside the rectangle, we have

ic+o0 oo
/ exp{—uz}du:/ exp{—uz}du.

The integral on the right is related to the error function erf(v) because

/v exp{—u’}du = gerf(v),
0

where erf(—v) = —erf(v) and erf (c0) = 1.
Thus,

1 o0
— / explio(x — x') — w’kt}dw
27 J_ o

x —x')?
= % exp{—%} } {[erf(oo) — erf(—o0)]
1 (x —x')* 21 1 Jm
T exp{ Akt } ﬁ?z

[ 1 . (x —x')?
= X —
4t P 4kt ’

so we have shown that

1 [ , , 5 /1 (x —x)?
o [w explio(x — x") — wktldw = y— exp{ el . (37)
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Summary

Fourier integrals are discussed in references [4.3] and [4.4]. Tables of Fourier
transform pairs are given in references [4.2] and [3.11].

The Fourier transform was introduced and its most important operational properties were
established. The transforms of derivatives and partial derivatives were considered, and
applications were made to functions defined by an ordinary differential equation and also
to the unsteady one-dimensional heat equation. Partial differential equations such as the
heat equation, and the use of integral transforms in their solution, will be considered in
more detail in Chapter 18.

TABLE 10.1 Fourier Transform Pairs

1 o0 :
X F(x)= — x)e ' Ydx
£ == [ s
1. af(x)+ bg(x) aF(w) + bG(w)
2. fO ) (i0)" F(w)
drl
3. x"f(x) (i)' [F()]
do'
m ¢(n) S\m+n a n
4. X" 7 (x) @)y —[w" F(w)]
do™
1
5. f(ax)(a > 0) —F(w/a)
a
6. f(x—a) e F(w)
7. e f(x) F(o— 1)
8. (fxg)x) V21 F(0)G(w)
(convolution theorem)
o0 oo
o. [ i | iF@do
—00 —00
(Parseval relation)
1, |x|<a 2 (sinaw
10. {0’ x| > a (a > 0) - <—w )
o \/7
1, 30y l 2 . el <a
X
0, |lw| > a
1, a<x<b 1 [fetae — gibe
12. {0, otherwise O <a<b) \/777 (T>
13, [a- I Ixl<a ﬁ 1-coswa
"o, x| >a b1 w?
1 pre e—n\(u\
14. o) (a >0) \/; p
e x>0 1 1
15. {0’ <0 (a >0) W (u+iw>
ax (a—iw)c _ ,(a—iw)b
16. 1€ b<x<.c(a>0) 1 e .e
0, otherwise V2 a—iw

(continued)



Section 10.3 Fourier Cosine and Sine Transforms 611

TABLE 10.1 (continued)

f(x)

F(x) = J% [ Z F(x)e " dx

17. e~ (a > 0)

18. xe ™ (a > 0)

el x| < b
19. {O, |x| > b

20. exp(—a’x?) (a > 0)

—X -
1. {e x* x>0

0, x <0
22. Jo(ax) (a > 0)

23. 8(x —a) (a real)

2 a
7 \a? + o?
7\/? 2iaw
7 (a2 + w?)?
\/z sin b(w — a)
T w—a

1 R »?
- exp{——
aﬁ p 4(12

I'(a)
V2r (14 iw)
2 H(a — |ol|)

7 (a2 — 0?)12

1
—c
V2

—iaw

EXERCISES 10.2

In Exercises 1 through 10 establish the Fourier transform of
the stated entry in Table 10.1.

1. Entry 11. 6. Entry 17.
2. Entry 12. 7. Entry 18.
3. Entry 13. 8. Entry 19.
4. Entry 15. 9. Entry 21.
5. Entry 16.

10. Entry 22, by using the fact that f(x) = Jo(ax) satisfies
the Bessel’s differential equation of order zero

xf'+ f+a’xf=0 (a>0),

together with the standard result [, Jo(ax)dx = 1/a.

11.

12.

Use integration by parts to show that if f(x) has a finite
jump discontinuity at x = a,then F{ f'(x)} = io F(w) —
[ fla+) — fla—)le .

(a) Use the result of Exercise 11 to find the Fourier
transform of f’(x) given that

x, O0=<x<1
fx)= {0, otherwise.

(b) Calculate f’(x) and use entry 12 of Table 10.1 to

find F{ f'(x)} directly. Hence, show that the result ob-

tained by this direct method is in agreement with the

Fourier transform found in (a). So f'(x) = =8(x — 1) +
1, 0<x<1

{ 0, otherwise *

10.3 . Fourier Cosine and Sine Transforms
I

The Fourier cosine and sine transforms arise as special cases of the Fourier trans-
form, according to whether f(x) is even or odd. Let us start by considering the
Fourier cosine transform of f(x) that can be defined when f(x) is an even function
that is absolutely integrable over (—oo, 00), and so possesses a Fourier transform.
Result (22) of Section 10.2 can be written

F(w) = \/%_n /:)O f(x){cos wx — i sinwx}dx, (38)
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Fourier sine and
cosine transforms

inversion integrals

but if f(x) is an even function, the product f(x) coswx is also even, so its integral
over (—o0, 00) does not vanish, though the product f(x)sin wx is an odd function,
so its integral over (—oo, 0o) vanishes, causing (38) to simplify to

Fe(w) = \/%_n /_: f(x) cos wxdx.

If we use the result f(—x) = f(x) to change the interval of integration to [0, co)
this last result becomes

Fe(w) = \/g /0 " f(x) cos wxdsx, (39)

where the integral on the right is called the Fourier cosine transform of f(x), and
to distinguish it from the ordinary Fourier transform we write Fc{ f(x)} = Fc(w).
The Fourier cosine inversion integral corresponding to equation (23) of Section
10.2 becomes f(x) = F'{Fc(w)}, where

2 oo
flx)=4/— / Fe(w) cos wxdw. (40)
T Jo
A similar argument applied to (16) of Section 10.2 when f(x) is an odd function
leads to the result
2 [ :
Fy(@) =/ = f ), 41)
T Jo

where the integral on the right is called the Fourier sine transform of f(x) and
we write Fs{ f(x)} = Fs(w). The corresponding Fourier cosine inversion integral
becomes f(x) = }'S’l{Fs(w)}, where

fx) = \/gfooo Fs(w) sin oxdw. (42)

The Fourier cosine transform of f(x) in (39) only involves f(x) for x > 0,
though it was derived from the Fourier transform on the assumption that f(x) was
an even function defined for all x. Consequently, taking the Fourier cosine transform
of an arbitrary function f(x) defined for x > 0is equivalent to transforming an even
function f.(x) obtained from f(x) by setting f.(x) = f(x) for x > 0 and defining
fe(x) for x < 0 by fo(—x) = f(x). Similarly, the Fourier sine transform of f(x) in
(41) only involves f(x) for x > 0, though it was derived on the assumption that
f(x) was an odd function. So, taking the Fourier sine transform of an arbitrary
function f(x) defined for x > 0 is equivalent to transforming odd function f,(x)
obtained from f(x) by setting f,(x) = f(x) for x > 0 and defining f.(x)for x <0
by fe(—x) = —f(x).

Because (40) and (41) have been derived from (22) of Section 10.2, it follows
that whenever f(x) is discontinuous, the expression on the left must be replaced by
(1/2)[f(x +0) + f(x — 0)], because the Fourier cosine and sine transforms have
the same convergence properties as the Fourier transform.
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Find Fe{e~*} and Fs{e "} when a > 0, and use the results with the Fourier cosine
and sine inversion integrals and an interchange of variables to show that

F ! /n e and F, a | Z e
— = = — = [=e .
U2+ a2 2 a %2 + a2 2

Solution By definition

Fele ™} = \/7/ ¥ cos wxdx
:Re\/j{/ e“xei“’xdx} :\/ZRG{ 1, } = E(%)
7| Jo T a—liw T \w t+a

2 o0
Fsfe ™™} =/ ;/0 e " sinwxdx
2 o ) 2
=Im,/—i/ e_“xe”"xdx} =\/—(%).
T 0 T \w*+a

Using these results in the Fourier cosine and sine inversion integrals gives

Similarly,

—ax __

e = — ——dw =~
7 Jo o?+a? b1

2a [ coswx 2 [ wsinwx
dw, fora > 0,
0

w? +a?
so after x and w are interchanged, these results become
Caw 20 [ coswx 2 [ xcoswx
e = 2, 24X = 2, 24
T Jo x“+a T Jo XxX°+a

However,

12 coswx 12 xsma)x
d
}—{x2+a2} / x2+a2 an }—5{ 2+a2} / x2+a2

so combining results gives
1 e X b4
Fel5——=1(=.7 d Fsi—5—=1t=,/=¢".
C{x2+a2} \/; a S{x2+a2} \/;e =

Linearity of the Fourier cosine and sine transforms Let the functions f(x) and

g(x) have Fourier cosine and sine transforms, and let a and b be arbitrary constants.
Then

Felaf(x) +bg(x)} = a Fe{ f(x)} + b Felg(x)} = aFc(w) + bGe(w)
and

Fstaf(x) + bg(x)} = a Fs{ f(x)} + b Fs{g(x)} = aFs(w) + bGs(w).

Proof The linearity properties of the Fourier cosine and sine transforms follow
directly from the linearity property of the Fourier transform from which they are
derived. [ |
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linearity of sine and
cosine transforms and
the transformation of
derivatives

THEOREM 10.10

The expressions for the Fourier cosine and sine transforms of derivatives of a func-
tion f(x) are slightly more complicated than those for the Fourier transform because
they involve the initial values of the function and its derivatives.

Fourier cosine and sine transforms of derivatives Let f(x) be continuous and
absolutely integrable over [0, co) and such that lim,_,~, f(x) = 0. Thenif f'(x) and
f"(x) are piecewise continuous on each finite subinterval of [0, 00),

(i) Flf'(x)) =oFs{f(x)} - \/gf(o)
()  F{f'(0)} = —oFc{f(x)}

(i)  Felf'(x)} = —*Felf(x)} - \/gf’(o)
(iv)  Fs{f'(x)) = —*Fs{f(x)} + \/gwf(ol

Proof The proof of each result is similar, so only result (i) will be derived in detail
and outlines given for the proofs of the remaining results. To obtain (i) we integrate
by parts and make use of the definition of F¢{ f(x)} as follows:

Felf (o)} = \/gfooo f'(x) cos wxdx

2 o ®©
= \/i |:f(x) coswx| + a)/ f(x)sin a)xdxi|
T 0 0
2
— 210+ ort .
Result (iii) follows from (i) by replacing f by f’. Result (ii) follows in similar
fashion, and (iv) follows from (ii) by replacing f by f'. ]

When Theorem 10.10 is used in the solution of second order differential equa-
tions, the initial conditions involved will help decide whether to use the cosine or
sine transform. Thus, for example, if f(0) is given but f’(0) is unknown, the Fourier
sine transform should be used to transform f”(x) because result (iv) does not in-
volve f'(0). Conversely, if f(0) is unknown but f’(0) is given, then the Fourier
cosine transform should be used to transform f”(x), because result (iii) does not
involve £(0).

The Fourier cosine and sine transforms have Parseval relations that are analo-
gous to the Parseval relation for the Fourier transform given in Theorem 10.7. To
arrive at the first of these results we consider two functions f(x) and g(x) with the
respective Fourier cosine transforms Fc(w) and Ge(w) and, using the definition of
Ge(w), write

o0 2 [e.e] o0
/ Fe(w)Ge(w) coswxdw = \/j/ Fe(w) cos wxdw / g(x)coswxdx.
0 T Jo 0
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the Parseval relation
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Changing the order of integration in the expression on the right gives

2 oo o0
\/j/ Fe(w) cos wxdw / g(v)coswvdv
T Jo 0
2 oo oo
= \/i/ g(x)dx / Fe(w) cos wx coswvdw
T Jo 0

[2 [*1
=,/ / —[cosw(x + v) + cos w|x — v|] Fe(w)dw
T Jo 2

=5 [ W)+ £ v

where use has first been made of the identity cos u cos v = 1[cos(u + v) + cos(u — v)]
and then of the Fourier cosine inversion integral.
We have established the result

f " Fe()Ge(w) cos wxda = % / T e F G +v) + f(lx — v)]dv.
0 0

Setting x = 0 in this last result shows that

| " Fe(@)Ge(w)dw = i " fm)g)dv. (43)
0 0

The Parseval relation for the Fourier cosine transform follows from this result by
identifying g(v) with f(v), for then (43) becomes

f " | Fe(@)Pdo = / " )P, (44)
0 0

where in the last integral the dummy variable v has been replaced by x.
A similar argument involving the Fourier sine transform establishes the corre-
sponding results

| F@Gs@do = [ ro)smar (45)
0 0
and the Parseval relation for the Fourier sine transform
/ | Fs(w)*dw = / | £(x)|2dx. (46)
0 0

We have arrived at the following theorem.
The Parseval relation for the Fourier cosine and sine transforms Let f(x) have the

respective Fourier cosine and sine transforms F¢(w) and Fs(w). Then the Parseval
relation for the Fourier cosine transform is

/0 ~ | Fe(w))?do = /0 - | £(x)|?dx,
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THEOREM 10.12

shifting and scaling
Fourier sine and
cosine transforms

and the Parseval relation for the Fourier sine transform is

/‘X’ | Fs(w)|?dow = /~<>o | £(x)?dx. -
0 0

Results (44) and (46) often provide a simple way of evaluating improper
integrals, as shown by the following example.

Apply result (43) to f(x) = xe** and g(x) = xe™"*, where a > 0, b > 0, given that

2 (a® — o)
7 (a2 + w?)?

2 (b —o?)

Felf(x)) = and Fc{g(x)} = 2 Pt o))

Solution Substituting into (43) gives
00 2 2 2 2 0
%/ (Cl —w )(b —w ) dw :/ XZe—(a-&-b)xdx’
T Jo (Clz + w2)2(b2 + w2)2 0

and after integrating the expression on the right and multiplying by /2 we find
that

® (a%? — ?)(b* — »?) doe "
/0 (@ + w?)2(b? + w?)? = (a +b)

This integral can be evaluated by other techniques, but the preceding method is
one of the simplest. u

The final theorem in this section is the analogue of Theorem 10.8, and it is useful
when transforming known Fourier cosine and sine transforms.

Shifting w and scaling x in Fourier cosine and sine transforms Let f(x) have the
respective Fourier cosine and sine transforms Fc(w) and Fs(w). Then

()  Felcos(ax) f(x)} = 3{Fe(w + a) + Fe(w — a)}
(i)  Fefsin(ax) f(x)} = 3{Fs(a + o) + Fs(a — o)}
(i)  Fs{cos(ax) f(x)} = ${Fs(w + a) + Fs(w — a)}

(iv)  Fs{sin(ax) f(x)} = 2{Fc(w — a) — Fe(w + a)}

™ Felf@o) = 1 Felw/a) (a>0)

o) Folf@0) = 1 Fs@/a) (> 0)

Proof (i) Fc{cos(ax) f(x)} = \/gfooo cos(wx) cos(ax) f(x)dx, but

cos(ax) cos(wx) = %[cos{(a + w)x} + cos{(a — w)x}],
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SO

Felcos(ax) f(x)} = %\/g/ooo cos{(a + w)x} f(x)dx

+ %\/g/:o cos{(a — w)x} f(x)dx

= %{Fc(a) +a)+ Fe(ow — a)).

Results (ii) to (iv) follow in similar fashion, whereas results (v) and (vi) follow from

the definitions of the Fourier cosine and sine transforms after making the change
of variable u = ax. ]

Given f(x) =e % with a > 0, use the results of Theorem 10.12 to find (a)
Fc{cosbx f(x)} and (b) Fs{ f(bx)}, when b > 0.

Solution

(a) Using Theorem 10.12 (i) with

Cax 2 a
Fete ™} = ;<w2+az)’
F bxe '} = L2 : 22 -
cleosbre™} = 5,/ — (m) tovx <m)

/2 a(@? +a® + b?)
"V [(0+b)?+a?][(w— b2 +a?]

(b) Using Theorem 10.12 (vi) with

F —ax\ __ 2 @
ste™) = V ;<w2+az>

_ —abx _1 % wi/b — %(L>
Fs{f(bx)} = Fsfe™ ™} = bV 7 ((w/b)2+02) Vo \w?+a??)

This result is to be expected, as it follows directly from the original result when a is
replaced by ab. ]

gives

gives

When Fourier cosine and sine transforms are used in the solution of partial
differential equations, the function to be transformed is a function of more than
one variable. So, for example, the operation of taking the Fourier cosine transform
of f(x, y) with respect to x, denoted by Fc(w, y), is given by

Felf(x, )} = Fe(o, y) = \/gfom f(x, y)coswxdx. (47)
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transform of partial
derivatives by
Fourier sine and
cosine transforms

another application
to the heat equation

Similarly, the operation of taking the Fourier sine transform of f(x, y) with
respect to y, denoted by Fg(x, w), is given by

yFstf(x, y)} = Fs(x, o) = \/g/ooo f(x, y)sinwydy. (48)

As a variable that has not been transformed only appears as a parameter in the
transform, it follows immediately that the rules for transforming partial derivatives
follow directly from the rules for transforming derivatives of functions of a single
independent variable. As a result, when interpreted in terms of a function f(x, y),
the entries in Theorem 10.10 take the following form.

Fourier cosine and sine transforms of partial derivatives of a function f(x, y)

Fel £, 0) = 0B, 0~ 2 10, 1) (49)
Tl f (5, 1) = —oFc(@. 1) (50)
Fel (s 0) =~ B, 1)~ |2 £10. 1) (s1)
Fo G5 0) = B, 1)+ 20f0, 1) (52)

It also follows that when transforming with respect to x partial derivatives of
f(x, y) with respect to y, the function f is transformed and the partial derivative
of f(x, y)with respect to y becomes an ordinary derivative with respect to y of the
transformed function. So, for example,

r {8"f(x, y)} _d"Fe(w, y)
X C - E)
ay" dy"

with corresponding results for mixed derivatives.

To provide a motivation for these results we again anticipate the discussion
of partial differential equations that is to follow in Chapter 18. Our objective now
will be to solve the same initial boundary value problem for the one-dimensional
heat equation that was solved previously by means of the Laplace transform. The
one-dimensional heat equation governing the temperature 7'(x, ¢) in a semi-infinite
slab of metal at a distance x from its plane face at time ¢ is

82T_ 19T

FroiaiaT 3)
and as before we will seek a solution subject to the initial condition
T(x, 0) =0 (54)
and the boundary condition
TO,)="T, t=>0. (55)

The initial condition (54) says that at time ¢ = 0 all the metal in the slab is at
temperature 7 = 0, whereas the boundary condition (55) says that for ¢ > 0 the
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plane face of the slab of metal is suddenly maintained at the constant temperature
T=1.

As an initial temperature is known, but 9 7/dx is unknown, consideration of
results (49) to (52) suggests that we use the Fourier sine transform because it is
valid for x > 0 and it only requires knowledge of T'(0, t) = Ty. Accordingly, taking
the Fourier sine transform of (53) with F¢{T(x, t)} = Ts(w, t), we have

]__BZT_l}_aT
Slox2 |~ “S)ar |

so using (52) and regarding  as a parameter (it is independent of ), we obtain

K(—a)sz(a), 1) —i—a)ﬂ]\/g) = %[Ts(a), )]

Thus, Ts(w, t) satisfies the linear differential equation

[2
T + &’k Ts = ok Ty, | —
b

Ty |2
Ts(w, t) = ;0\/;—1— A(w) exp{—a’«t},

where the arbitrary function A(w) enters as the integration “constant” when
Ts(w, t) is integrated with respect to ¢, during which w behaves as a constant.
Applying the inverse Fourier sine transform to this last result gives

T(x, t)= \/g/ooo {%@ + Alw) exp{—a)zkt}} sinwxdw.

To determine A(w) we now apply the initial condition 7'(x, 0) = 0 to the preceding
result, which then becomes

2 [Ty |2
0= ‘/_/ [_0‘/— + A(a))} sin wxdo.
T Jo w b
This must be true for all w, but this is only possible if A(w) = — %\/g ,and so

T(x,t) = R\/g{\/g/om (M) sinwxda)} .

The bracketed term is the inverse Fourier sine transform of {[1 — exp(—«®?)]/w},
so if we use entry 17 in Table 10.3, the solution becomes

with the solution

X
T(x,t) = Tyerfc { ——¢.
() = Toerte {7}
This is the result that was obtained in Section 7.3 (e) (ii) by means of the Laplace

transform. The result agrees with physical intuition because for any fixed x we

have lim,_, o, erfc {5 jﬁ =1, showing that as t — o0, so T(x,t) — T the constant

temperature of the plane face of the metal.
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The Fourier sine and cosine transforms were introduced, their inversion integrals were
stated, and the main operational properties of the transforms were established. The sine
and cosine transforms of ordinary and partial derivatives were derived and applications
were made to the unsteady one-dimensional heat equation.

Summary

TABLE 10.2 Fourier Cosine Transform Pairs

fx)

Fe(w) = \/E/OOO f(x)coswxdx

1. af(x)+ bg(x)
2. cos(ax) f(x)
3. sin(ax) f(x)

4. flax)
5. ()
6. ()

7. /0 )Pz

8. /OOO f(x)g(x)dx

9 1, O0<x<a
" 10, otherwise
1, a<x<b

10. { 0, otherwise

11, x* 10 <a <1)

x, a<x<b
12. {O, otherwise

13. e (a > 0)

14. xe **(a > 0)

15. exp{—ax?} (a > 0)
16. ﬁ(a > 0)
17. Jo(ax)(a > 0)

18. M, o o)
X

aF(w)+bG(w)
Y Fe(w + a) + Fo(o — a))

2
HFs(a+ o) + Fs(a — o)}

%Fc(g)(“ > 0)
wFs(w) - \/gf(o)
—o Fe(o) - \/gf/(o)

[ " F()Pdo

(Parseval relation)

[o.¢]
/ Fe(@)Ge()do
0
E sinaw
T 1)
\/7 sin bw — sin aw
T 1)
2r
\/j (@) cos il
T ¥ 2
\/2 cos bw + bw sin b — cos aw — aw sin aw
T ?
\/7 a
7\ w? + a?

2 (a® - o?)
7 (a% + o?)?

1 . { wz}
1 ol
N T

T e
3%

2 H(a— o)

7 (a2 — w?)12

EH(LI - w)
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TABLE 10.3 Fourier Sine Transform Pairs

2 (> .
f(x) Fs(w) = \/;/o f(x)sinwxdx
1. af(x)+ bg(x) aF(w)+ bG(w)
2. cos(ax) f(x) %{Fs(w +a)+ Fs(w—a)}

3. sin(ax) f(x) {Fc(w —a) — Fc(w + a)}

1
2
1 [0}
4. f(ax) ;Fs ” (a >0)
5. f'(x) —ofFc(w)
2
6. f"(x) —wst(w)Jr\/;wf’(O)
Oc 2 *© 2
7. [Ciswpas | iF@rdo
(Parseval relation)
[o¢] oo
8 /0 Fx)g(x)dx /0 Fs(0)Gs(@)dw
9 1, O0<x<a E 1 —cosaw
10, otherwise T w
{1, a<x<b 2(cosaw—cosbw>
10. . Sf="
0, otherwise T w
2T
1. 2 (0<a<1) \/j (z‘) sin ?
T
2 [0}
12. e (a > 0) o e
2 2aw
13. xe™* (a > 0) \/;m
2 w a)2
14. xexp{—ax} (a > 0) @ayn e
x T
15, —— Zemao
5 i (a >0) \/;e
16. S5 (20 ﬁH(w —a)
X 2

17. erfc{%}(a>0) %{M}

EXERCISES 10.3

In Exercises 1 through 10 establish the Fourier cosine trans- 5. Entry 13. 8. Entry 16.
form of the stated entry in Table 10.2. 6. Entry 14. 9. Entry 17.
1. Entry 9. 3. Entry 11. 7. Entry 15. 10. Entry 18.

2. Entry 10. 4. Entry 12.
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In Exercises 11 through 15 find the Fourier cosine transform 18. Entry 11. 21. Entry 14.
of the stated function. 19. Entry 12. 22. Entry 15.
1. f(x) = sinx, 0<x<mw 20. Entry 13. 23. Entry 16.
’ 10 therwise.
’ (()) crwise In Exercises 24 through 28 find the Fourier sine transform
COS X <x<mw .
- ) =X= of the stated function.

12. f() = 0, otherwise.

X, 0<x<l1 2. f(x) = sinx, 0<x<m
13. f(x)=32—x, 1<x<2 ) 0, otherwise.

0, otherwise. cosx, O0<x<wm

1, 0<x<1 5. fx) = 0, otherwise.
14, f(x)=32—x, 1<x<2 X, 0<x<1

0, otherwise. 26. f(x)=492—x, 1<x<2

1-x%, 0<x<1 0, otherwise.
I5. f(x) = 0, otherwise. 1, 0<x<1
In Exercises 16 through 23 establish the Fourier sine trans- 27. flx) = g -% 1 ﬁ * 5 2
form of the stated entry in Table 10.3. ’ otherwise.

28, f(x) = 1—x% 0<x<1

16. Entry 9. 17. Entry 10. . =)o, otherwise.






